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Non-Ka¨hler Mirror Symmetry of the Iwasawa Manifold
Dan Popovici
Abstract. We propose a new approach to the Mirror Symmetry Conjecture in a form suitable to possibly
non-Ka¨hler compact complex manifolds whose canonical bundle is trivial. We apply our methods by proving
that the Iwasawa manifold X, a well-known non-Ka¨hler compact complex manifold of dimension 3, is its
own mirror dual to the extent that its Gauduchon cone, replacing the classical Ka¨hler cone that is empty in
this case, corresponds to what we call the local universal family of essential deformations of X. These are
obtained by removing from the Kuranishi family the two “superfluous” dimensions of complex parallelisable
deformations that have a similar geometry to that of the Iwasawa manifold. The remaining four dimensions
are shown to have a clear geometric meaning including in terms of the degeneration at E2 of the Fro¨licher
spectral sequence. On the local moduli space of “essential” complex structures, we obtain a canonical Hodge
decomposition of weight 3 and a variation of Hodge structures, construct coordinates and Yukawa couplings
while implicitly proving a local Torelli theorem. On the metric side of the mirror, we construct a variation
of Hodge structures parametrised by a subset of the complexified Gauduchon cone of the Iwasawa manifold
using the sGG property of all the small deformations of this manifold proved in earlier joint work of the
author with L. Ugarte. Finally, we define a mirror map linking the two variations of Hodge structures and
we highlight its properties.
1 Introduction
The standard mirror symmetry conjecture predicts that the Calabi-Yau (C-Y) threefolds, defined as
compact Ka¨hler manifolds of complex dimension 3 whose canonical bundle is trivial, ought to occur
in pairs (X, X˜) such that the local universal family of deformations of the complex structure (i.e.
the Kuranishi family) of X is isomorphic to the moduli space of Ka¨hler structures enriched with
B-fields (i.e. the complexified Ka¨hler cone) of X˜, and vice-versa.
As is well known, there is an obvious cohomological obstruction to some Ka¨hler C-Y threefolds
X having Ka¨hler mirror duals X˜ . The Kuranishi family (X)t∈∆ of a given Ka¨hler C-Y manifold
X = X0 is unobstructed (i.e. its base space ∆ is smooth, hence can be viewed as an open ball in
the classifying space H0, 1(X, T 1, 0X)) by the Bogomolov-Tian-Todorov theorem ([Bog78], [Tia87],
[Tod89]). The triviality of the canonical bundle KX implies the isomorphism H
0, 1(X, T 1, 0X) ≃
Hn−1, 1(X, C) = H2, 1(X, C), where the last identity follows from the assumption dimCX := n = 3.
On the other hand, the complexified Ka¨hler cone K˜X˜ of X˜ is an open subset of H
1, 1(X˜, C). So
a necessary condition for X and X˜ to be mirror dual is that the tangent space to ∆ at 0 (i.e.
H2, 1(X, C)) be isomorphic to the tangent space to the complexified Ka¨hler cone K˜X˜ at some point
(i.e. H1, 1(X˜, C)), and vice-versa. It is thus necessary to have
h2, 1(X) = h1, 1(X˜) and h2, 1(X˜) = h1, 1(X).
However, there exist Ka¨hler C-Y threefolds X such that h2, 1(X) = 0 (the so-called rigid such
threefolds, those that do not deform). Consequently, the mirror dual X˜, if it exists, cannot be
Ka¨hler since h1, 1(X˜) = 0.
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This standard observation has prompted many authors so far to conjecture the mirror symmetry
only for generic Ka¨hler C-Y threefolds so that the discussion is confined to the Ka¨hler realm. The
idea of investigating the possible existence of a mirror symmetry phenomenon beyond the Ka¨hler
world was loosely suggested in [Rei87] and received attention recently in [LTY15]. This investigation
is our main motivation in the present work. Our methods and point of view are very different from
those in [LTY15].
The standard approach to the study of the Ka¨hler side of the mirror is to use Gromov-Witten
invariants attached to pseudo-holomorphic curves and to count rational curves. However, on many
non-Ka¨hler compact complex threefolds with trivial canonical bundle, there exist no rational curves.
We propose in this paper a new approach to mirror symmetry by means of transcendental meth-
ods in the general, possibly non-Ka¨hler context of compact complex manifolds whose canonical
bundle is trivial. By extension of the classical definition, we shall still call them Calabi-Yau (C-Y)
manifolds. We test our new point of view on the Iwasawa manifold, a well-known non-Ka¨hler
compact complex C-Y manifold, and take full advantage of the explicit nature of extensive compu-
tations for this particular manifold found in the works [Nak75], [Ang11] and [Ang14] of Nakamura
and Angella.
We hope that our methods will apply to larger classes of C-Y manifolds in the future and that this
paper is the first in a series. One of the new ideas it introduces is the notion of local universal family
of essential deformations, viewed as a subfamily of the Kuranishi family, of the Iwasawa manifold X .
Three equivalent definitions are given: by removing the complex parallelisable small deformations
from the Kuranishi family; by selecting the small deformations that have a kind of polarisation by
the holomorphic non-closed 1-form γ associated with X (cf. Definition 3.2); and by selecting the
vector subspace of the Dolbeault cohomology space Hn−1, 1(X, C) (known to parametrise all the
small deformations of a C-Y manifold X , while the complex dimension of X is n = 3 here) that is
naturally isomorphic to the vector space En−1, 12 (X) featuring in bidegree (n − 1, 1) on the second
page of the Fro¨licher spectral sequence of X .
Looking ahead beyond the special case of the Iwasawa manifold treated in this paper, we come up
against the question of what makes a deformation of a general, possibly non-Ka¨hler, C-Y manifold
essential. Our hunch is that a definition in terms of the Fro¨licher spectral sequence, that will yield a
replacement for the Hodge decomposition in middle degree n, is the best bet in a general pattern that
will hopefully emerge in the future after further examples of C-Y manifolds have been investigated.
1.1 The Gauduchon cone
One of our main ideas in this work is to overcome the double whammy of a possible non-existence
of both Ka¨hler metrics and rational curves by using the Gauduchon cone (cf. [Pop15], see definition
reminder (3) below) of the given non-Ka¨hler C-Y manifold X . This furnishes both an alternative to
the classical Ka¨hler cone (that is empty on a non-Ka¨hler manifold) and a transcendental substitute
for cohomology classes of (currents of integration on) curves (e.g. by virtue of its elements’ bidegree
(n− 1, n− 1), but also in a far deeper sense). We stress that the Gauduchon cone is relevant even
on projective and on Ka¨hler non-projective manifolds where it might be preferable to the Ka¨hler
cone in certain circumstances (for example, when it is strictly bigger, allowing for more flexibility).
Recall that if X is a compact complex manifold with dimCX = n, a Hermitian metric on X is
any C∞ positive definite (1, 1)-form ω > 0 on X . It is called a Gauduchon metric (cf. [Gau77])
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if ∂∂¯ωn−1 = 0 and it is called a strongly Gauduchon (sG) metric (cf. [Pop13a]) if ∂ωn−1 is
∂¯-exact. Every strongly Gauduchon metric is Gauduchon. Gauduchon metrics always exist (cf.
[Gau77]), while strongly Gauduchon metrics need not exist although they do on many manifolds.
The compact complex manifolds X on which every Gauduchon metric is strongly Gauduchon
were introduced under the name of sGG manifolds and studied in [PU14]. They contain the
Iwasawa manifold and all its small deformations, so they will feature prominently in this paper (cf.
sections 6 and 7).
On the other hand, recall that the following two cohomologies are especially relevant on non-
Ka¨hler compact complex manifolds X . For p, q = 0, . . . , n,
Hp, qBC(X, C) =
ker ∂ ∩ ker ∂¯
Im ∂∂¯
and Hp, qA (X, C) =
ker ∂∂¯
Im ∂ + Im ∂¯
(1)
stand for the Bott-Chern, respectively Aeppli cohomology groups of bidegree (p, q) of X , where all
the spaces involved are sub-quotients of the space C∞p, q(X, C) of smooth (p, q)-forms on X . As with
the other familiar cohomology theories, these spaces can be computed using either smooth forms or
currents. Although it is the coarsest one, the Aeppli cohomology is suited to the study of Gauduchon
metrics (since ωn−1 ∈ ker ∂∂¯ in that case) and its consideration in bidegree (n−1, n−1) enables one
to eventually get information in bidegree (1, 1) thanks to the following canonical bilinear pairing
H1, 1BC(X, C)×H
n−1, n−1
A (X, C)→ C, ([α]BC , [β]A) 7→
∫
X
α ∧ β, (2)
being non-degenerate (cf. e.g. [Aep62], or [Sch07], or [Pop15]), hence establishing a duality in the
transcendental context that parallels the classical duality in algebraic geometry between divisors
(defining (1, 1)-cohomology classes) and curves (defining (n− 1, n− 1)-cohomology classes).
Bringing the metric and cohomological points of view together, the Gauduchon cone of X (cf.
[Pop15]) is defined as the set of Aeppli cohomology classes of (n− 1)st powers of all the Gauduchon
metrics on X :
GX :=
{
[ωn−1]A ∈ H
n−1, n−1
A (X, R) | ω is a Gauduchon metric on X
}
. (3)
It is an open convex cone in Hn−1, n−1A (X, R).
1.2 Hodge decomposition on certain non-Ka¨hler manifolds
Although the class of manifolds described in this subsection does not contain the Iwasawa manifold,
it furnishes us with a model situation into which the Iwasawa manifold will partially fit after suitable
adjustments.
Recall that a compact complex manifoldX is said to be a ∂∂¯-manifold if for every bidegree (p, q)
and every smooth d-closed (p, q)-form u on X , the following exactness conditions are equivalent:
u ∈ Im ∂ ⇐⇒ u ∈ Im ∂¯ ⇐⇒ u ∈ Im d ⇐⇒ u ∈ Im ∂∂¯. (4)
The ∂∂¯ property is equivalent to all the canonical linear maps Hp, qBC(X, C) → H
p, q
A (X, C) being
isomorphisms for all bidegrees (p, q). Every compact Ka¨hler (or merely class C) manifold is known
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to be a ∂∂¯-manifold, but there are examples (see e.g. [Pop14, Observation 4.10]) of ∂∂¯-manifolds
that are not in the class C (i.e. are not bimeromorphically equivalent to a compact Ka¨hler manifold).
Thus, the class of ∂∂¯-manifolds is much larger than the Ka¨hler class.
The ∂∂¯ property implies the Hodge decomposition and the Hodge symmetry in the sense that
for all k ∈ {0, . . . , 2n} and all p, q ∈ {0, . . . , n} there exist canonical (i.e. depending only on the
complex structure) isomorphisms
HkDR(X, C)
≃
−→
⊕
p+q=k
Hp, q
∂¯
(X, C) and Hp, q
∂¯
(X, C)
≃
−→ Hq, p
∂¯
(X, C),
where the last isomorphism is defined by conjugation on HkDR(X, C) = H
k
DR(X, R) ⊗ C. See
[DGMS75] for the origin of the notion of ∂∂¯-manifold and e.g. [Pop14] for a rundown on the
basic facts about this class. Moreover, if X is a ∂∂¯-manifold with trivial canonical bundle KX ,
the Bogomolov-Tian-Todorov unobstructedness theorem mentioned above in the Ka¨hler context
still holds (see e.g. [Pop13b]). Since the ∂∂¯ property is open under deformations of the complex
structure (cf. [Wu06]), the facts just mentioned add up to the following picture.
Conclusion 1.1. For every ∂∂¯-manifold X such that KX is trivial, the base ∆ of the Kuranishi
family (Xt)t∈∆ of X = X0 is smooth and can be viewed as an open ball in H
0, 1(X, T 1, 0X) ≃
Hn−1, 1(X, C), while all the fibres Xt with t ∈ ∆ sufficiently close to 0 are again ∂∂¯-manifolds with
trivial canonical bundle KXt. Hence, for every t ∈ ∆, we have a Hodge decomposition and a Hodge
symmetry in the form of canonical isomorphisms
Hk(X, C)
≃
−→
⊕
p+q=k
Hp, q
∂¯
(Xt, C) and H
p, q
∂¯
(Xt, C)
≃
−→ Hq, p
∂¯
(Xt, C), t ∈ ∆, (5)
where Hk(X, C) ≃ HkDR(Xt, C) for all t ∈ ∆ is the constant bundle H
k over ∆ induced by the C∞
triviality of the family (Xt)t∈∆ (that implies the invariance of the De Rham cohomology w.r.t. the
complex structure of the fibre Xt).
Moreover, the Hodge numbers hp, q(t) := dimCH
p, q(Xt, C) are independent of t ∈ ∆ after possibly
shrinking ∆ about 0. Hence, thanks to classical results of Kodaira and Spencer [KS60], we get C∞
vector bundles Hp, q over ∆ defined as
∆ ∋ t 7→ Hp, q
∂¯
(Xt, C) := H
p, q
t , p, q = 0, . . . , n,
and holomorphic subbundles F pHk of the constant bundles Hk over ∆ defined as
∆ ∋ t 7→ F pHk(Xt, C) :=
⊕
l≥p
H l, k−l(Xt, C) := F
pHkt
that make up the Hodge filtration F 0Hk ⊃ · · · ⊃ F pHk ⊃ F p+1Hk ⊃ · · · ⊃ F kHk = Hk, 0.
1.3 The Iwasawa manifold
Our main object of study in this paper will be the standard Iwasawa manifold X = G/Γ, defined as
the quotient of the Heisenberg group
G :=



1 z1 z30 1 z2
0 0 1

 ; z1, z2, z3 ∈ C

 ⊂ GL3(C)
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by its discrete subgroup Γ ⊂ G of matrices with entries z1, z2, z3 ∈ Z[i].
The map (z1, z2, z3) 7→ (z1, z2) factors through the action of Γ to a (holomorphically locally
trivial) proper holomorphic submersion
π : X → B,
where the base B = C2/Z[i] ⊕ Z[i] = C/Z[i] × C/Z[i] is a two-dimensional Abelian variety (the
product of two elliptic curves) and where all the fibres are isomorphic to the Gauss elliptic curve
C/Z[i]. This description displays the non-existence on X of curves normalised by smooth rational
curves, as any map from such a curve to any factor C/Z[i] would be constant. (Indeed, thanks to the
Riemann-Hurwitz formula, any non-constant map between two smooth curves is genus-decreasing.)
Since G is a connected, simply connected, nilpotent complex Lie group, X is a nilmanifold.
Furthermore, X is a complex parallelisable compact complex manifold (i.e. its holomorphic tangent
bundle T 1, 0X is trivial) of complex dimension 3. In particular, its canonical bundle KX is trivial,
so X is a Calabi-Yau manifold in our generalised sense.
It is well known that X is not a ∂∂¯-manifold (in particular, it is not Ka¨hler). In fact, its
Fro¨licher spectral sequence does not even degenerate at E1, so there is no Hodge decomposition
either canonical or non-canonical on X . (For a review of these and other facts, see e.g. [Pop14,
§.3.2]).
However, despite X lacking the ∂∂¯ property, Nakamura [Nak75] showed that the Kuranishi family
(Xt)t∈∆ of X = X0 is unobstructed, so its base ∆ is smooth and can be identified with an open ball
in H0, 1(X, T 1, 0X) ≃ H2, 1
∂¯
(X, C). It can be easily checked (see e.g. §.4.2 below) that there is no
Hodge decomposition of weight 3 since the Dolbeault cohomology group H2, 1
∂¯
(X, C) does not inject
canonically into H3DR(X, C). In fact, b3 = 10 while h
3, 0 = h0, 3 = 1 and h2, 1 = h1, 2 = 6, so in a
sense the vector space H2, 1
∂¯
(X, C) is “too large” to fit into H3DR(X, C).
The main result of this paper can be loosely stated as follows (see Theorem 7.3 for a precise
statement).
Theorem 1.2. The Iwasawa manifold is its own mirror dual in the sense that its local universal
family of essential deformations corresponds to its complexified Gauduchon cone.
The meaning of “corresponds” will be made precise by the end of the paper. Loosely speaking,
it will mean that there exists a local biholomorphism between the local universal family of essential
deformations and the complexified Gauduchon cone of the Iwasawa manifold and there exists an
induced C∞ isomorphism of variations of Hodge structures (VHS) that exist on either side of the
mirror. Moreover, this isomorphism is holomorphic at the level of the rank-1 components and
anti-holomorphic at the level of the rank-4 components of these VHS.
Here is a summary of the main steps and ideas.
1.4 Outline of our approach
(I) On the complex-structure side of the mirror, the starting point of our method is the
observation that a natural Hodge decomposition of weight 3 exists on the Iwasawa manifold X if
H2, 1
∂¯
(X, C) is “pared down” to a 4-dimensional vector subspace H2, 1[γ] (X, C) ⊂ H
2, 1
∂¯
(X, C) that
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injects canonically into H3DR(X, C) and parametrises what we call the essential deformations of X .
Specifically, recalling that ∆ ⊂ H2, 1
∂¯
(X, C) is an open ball, if we put
∆[γ] := ∆ ∩H
2, 1
[γ] (X, C),
we implicitly remove from the Kuranishi family (Xt)t∈∆ the two dimensions corresponding to complex
parallelisable deformations Xt of X (that have a similar geometry to that of X , so no geometric
information is lost) and we are left with a family (Xt)t∈∆[γ] of non-complex parallelisable deformations
that we call essential. This description of the local deformations ofX is made possible by Nakamura’s
explicit calculations in [Nak75]. The holomorphic tangent space to ∆[γ] at any of its points t
is isomorphic via the Kodaira-Spencer map to the analogue H2, 1[γ] (Xt, C) at t of H
2, 1
[γ] (X, C) =
H2, 1[γ] (X0, C). We get a Hodge decomposition of weight 3 for every t ∈ ∆[γ] (cf. Proposition 4.3) in
the following form.
Proposition 1.3. There exist canonical isomorphisms
H3DR(X, C) ≃ H
3, 0
∂¯
(Xt, C)⊕H
2, 1
[γ] (Xt, C)⊕H
1, 2
[γ] (Xt, C)⊕H
0, 3
∂¯
(Xt, C), t ∈ ∆[γ], (6)
(where H1, 2[γ] (Xt, C) ⊂ H
1, 2
∂¯
(Xt, C) is defined by analogy with H
2, 1
[γ] (Xt, C)) and
H3, 0
∂¯
(Xt, C) ≃ H
0, 3
∂¯
(Xt, C) and H
2, 1
[γ] (X, C) ≃ H
1, 2
[γ] (X, C), t ∈ ∆[γ]. (7)
We go on to show that ∆[γ] ∋ t 7→ H
2, 1
[γ] (Xt, C) is a C
∞ vector bundle of rank 4 (cf. Proposition
4.4) and that (6) and (7) define a Hodge filtration
F 2H3[γ] ⊃ F
3H3
of holomorphic vector subbundles over ∆[γ] of the constant bundle H
3 of fibre H3DR(X, C). This
induces a variation of Hodge structures (VHS) endowed with a Gauss-Manin connection satisfying
the Griffiths transversality condition (cf. Theorem 4.10).
Thus, after restricting attention to the essential deformations of the non-∂∂¯ Iwasawa manifold,
we get a picture similar to the one described in Conclusion 1.1 for ∂∂¯-manifolds.
Two further crucial observations cement the role played by the space H2, 1[γ] (X, C) in this approach
and its canonical nature. (By an isomorphism being canonical, we will mean that it is defined in an
obvious way, not involving arbitrary choices, by the three standard holomorphic 1-forms α, β, γ that
generate the whole cohomology of the Iwasawa manifold and are induced by the canonical basis of
C3 as recalled in §.2.)
The first observation (cf. Proposition 4.9, (c)) is the following
Proposition 1.4. There exists a canonical isomorphism
H2, 1[γ] (X, C) ≃ E
2, 1
2 (X, C) (8)
where E2, 12 (X, C) is the space featuring at the second step of the Fro¨licher spectral sequence of X
(known to degenerate at E2 as do its counterparts for all the small deformations Xt).
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Moreover, the Hodge decomposition (6) reflects precisely this E2 degeneration since there exist
isomorphisms (cf. (37))
H3DR(X, C) ≃ E
3, 0
2 (Xt, C)⊕E
2, 1
2 (Xt, C)⊕ E
1, 2
2 (Xt, C)⊕ E
0, 3
2 (Xt, C), t ∈ ∆[γ], (9)
in which each of the four spaces on the r.h.s. is isomorphic to the corresponding space on the r.h.s.
of (6).
The second observation (cf. Observation 6.11) is the following
Proposition 1.5. There exists a canonical isomorphism
H2, 1[γ] (X, C) ≃ H
2, 2
A (X, C). (10)
The isomorphism (10) justifies us in choosing the essential deformations of X on the complex-
structure side of the mirror and the Gauduchon cone of X on the metric side of the mirror as the two
main structures mirroring each other. Indeed, H2, 1[γ] (X, C) is the tangent space to ∆[γ] at 0, while
H2, 2A (X, C) is the tangent space to the complexified Gauduchon cone (see Definition 7.2) at any of
its points. The Aeppli-Gauduchon class [ω20] ∈ GX0 of a natural Gauduchon metric ω0 induced on X0
by the complex parallalisable structure of X0 will be the privileged point chosen in the Gauduchon
cone. It is the image of 0 ∈ ∆[γ] under the mirror map that will be defined in Defintions 7.1 and
7.2. Isomorphism (10) is the single most powerful piece of initial motivating evidence in favour of
the new mirror symmetry phenomenon that we highlight in this paper.
(II) On the metric side of the mirror, we start off by constructing a C∞ family (ωt)t∈∆[γ] of
Gauduchon metrics on the fibres (Xt)t∈∆[γ] (cf. Lemma 6.1) and a C
∞ family (ω1, 1t )t∈∆ of Gauduchon
metrics on X0 (cf. Lemma 6.2). The ω
1, 1
t ’s are the (1, 1)-components of the ωt’s w.r.t. the complex
structure J0 of X0.
Then we prove (cf. Corollary 6.6) that the Aeppli cohomology groups of bidegree (2, 2) of the
local essential deformations Xt of the Iwasawa manifold X = X0, namely the vector spaces
∆[γ] ∋ t 7→ H
2, 2
A (Xt, C),
define a C∞ vector bundle H2, 2A of rank 4 that injects as a C
∞ vector subbundle of the constant
bundle H4 → ∆[γ] of fibre given by the De Rham cohomology group H
4
DR(Xt, C) = H
4(X, C). This
injection is proved by using in a crucial way the sGG property (cf. [PU14]) of all the fibres Xt
and the family (ωt)t∈∆[γ] of Gauduchon metrics thereon. Denoting by H˜
2, 2
ωt the image of H
2, 2
A (Xt, C)
into H4(X, C) under this ωt-induced injection, we get a C
∞ vector bundle H˜2, 2ω of rank 4
GX0 ∋ [(ω
1, 1
t )
2]A 7→ H˜
2, 2
ωt ⊂ H
4(X, C)
after suitable identifications of certain spaces depending on ωt with spaces depending on ω
1, 1
t (cf.
Conclusion 6.12).
This produces a Hodge filtration
FGH
4 := H2, 0(B)⊕ H˜2, 2ω ⊃ F
′
GH
4 := H2, 0(B)
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of holomorphic vector bundles over the complexification G˜0 of the subset G0 of the Gauduchon cone
GX0 consisting of the classes [(ω
1, 1
t )
2]A with t ∈ ∆[γ], where H
2, 0(B) is a holomorphic line bundle
over ∆[γ] induced by the Albanese tori Bt of the fibres Xt.
(III) The link between the two sides of the mirror is provided by the holomorphic family
(Bt)t∈∆ of 2-dimensional complex Albanese tori Bt = Alb(Xt) of the small deformations Xt of the
Iwasawa manifold X = X0. Indeed, every small deformation Xt of X is a locally trivial holomorphic
fibration πt : Xt → Bt over its Albanese torus Bt. We get a holomorphic vector bundle of rank 5
G˜0 ∋ [(ω
1, 1
t )
2]A 7→ H
2, 0(Bt, C)⊕ H˜
2, 2
ωt ⊂ H
3(X, C)⊕H4(X, C) (11)
and a VHS parametrised by the complexification G˜0 of the subset
G0 := {[(ω
1,1
t )
2]A | t ∈ ∆[γ]}
of the Gauduchon cone GX0 of X0 (cf. Conclusion 6.12).
The VHS (11), constructed on the metric side of the mirror, is then proved to be C∞ isomorphic
to the VHS induced by (6) and (7) on the complex-structure side of the mirror. This C∞ isomorphism
is actually holomorphic at the level of the 1-dimensional parts of the two VHS’s and anti-holomorphic
at the level of the 4-dimensional parts. This regularity meshes with the sesquilinear self-duality of
the Iwasawa manifold highlighted in the next work [Pop17] of the author. This isomorphism will be
obtained by proving (cf. Corollary 4.11) that each of the two Hodge filtrations is C∞ isomorphic to
the Hodge filtration F 1H2(B) ⊃ F 2H2(B) of holomorphic vector bundles induced by the family of
tori (Bt)t∈∆[γ] over the moduli space ∆[γ] of essential deformations of the Iwasawa manifold.
We also define explicitly (cf. Definition 7.2) a mirror map
M˜ : ∆[γ] → G˜X .
It has the property of taking the point 0 ∈ ∆[γ] (i.e. the Iwasawa manifold X = X0, the marked point
in ∆[γ]) to the Aeppli cohomology class [ω
2
0]A ∈ GX of the canonical Gauduchon metric ω0 on X (the
marked point in the Gauduchon cone GX). The mirror map M˜ is then proved in Theorem 7.3 to
be a local biholomorphism whose differential at 0 ∈ ∆[γ] is the canonical isomorphism H
2, 1
[γ] (X, C) ≃
H2, 2A (X, C) of Proposition 1.5. The analogous statement holds at every t ∈ ∆[γ] after we observe a
canonical isomorphism H2, 1[γ] (Xt, C) ≃ H
2, 2
A (Xt, C) (cf. Observation 6.11).
The mirror map is defined by “complexification” of what we call the positive mirror map
defined (cf. Definition 7.1) by
M : ∆[γ] → GX , t 7→
[
(ω1, 1t )
2
]
A
.
We hope that these methods can be extended to other classes of compact complex manifolds.
The ultimate goal is to get a general mirror symmetry theory asserting that every compact complex
n-dimensional sGG manifold X (possibly, but not necessarily, assumed to be ∂∂¯) whose canonical
bundleKX is trivial and having some other familiar properties (e.g. unobstructedness of its Kuranishi
family, degeneration at E2 of its Fro¨licher spectral sequence, etc) admits a mirror dual X˜ such that
the moduli space EssDef (X) of essential deformations of the complex structure of X (defined, e.g.
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using the space En−1, 12 on the second page of the Fro¨licher spectral sequence of X) corresponds via
a local biholomorphism to the complexified Gauduchon cone G˜X˜ of X˜ and vice versa. This local
biholomorphism ought to induce an isomorphism of variations of Hodge structures parametrised
respectively by EssDef (X) and G˜X˜ . This isomorphism may turn out to be holomorphic at the level
of certain parts of the two VHS’s and anti-holomorphic for the other parts. Certain non-linear PDEs
(e.g. of the Monge-Ampe`re or Hessian type) are expected to produce canonical metrics representing
Aeppli cohomology classes in the Gauduchon cone. Some classes of nilmanifodls and solvmanifolds
provide a fertile testing ground for this conjecture.
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2 Preliminaries
We use the set up of the paragraph 1.3. Recall that the C3-valued holomorphic 1-form on G
G ∋M =

1 z1 z30 1 z2
0 0 1

 7→M−1 dM =

0 dz1 dz3 − z1 dz20 0 dz2
0 0 0


is invariant under the action of Γ, hence descends to a holomorphic 1-form on X giving rise to three
holomorphic 1-forms α, β, γ on the Iwasawa manifold induced respectively by the forms dz1, dz2, dz3−
z1dz2 on C
3. Thus, α, β, γ ∈ C∞1, 0(X, C) and
∂¯α = ∂¯β = ∂¯γ = 0.
Since dz1, dz2 are closed and d(dz3 − z1dz2) = −dz1 ∧ dz2, we get
dα = dβ = 0 and dγ = ∂γ = −α ∧ β 6= 0 on X. (12)
From the exact sequence
0→ π⋆Ω1B → Ω
1
X → Ω
1
X/B → 0,
as the map H1(π⋆Ω1B) = H
1(OX)⊗H
0(π⋆Ω1B)→ H
1(OX)⊗H
0(Ω1X) = H
1(Ω1X) is injective due to
the triviality of Ω1B and Ω
1
X , we get the simple presentation
0→ H0(π⋆Ω1B)→ H
0(Ω1X)→ H
0(Ω1X/B)→ 0.
Thus, the form γ is a representative of H0(Ω1X/B) in H
0(Ω1X). In other words, the forms α and β are
horizontal (i.e. coming from B), while γ is vertical (i.e. lives on the fibres). It follows that the De
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Rham cohomology of X reads
H1(X,C) =
〈
{α}DR, {β}DR, {α¯}DR, {β¯}DR
〉
= π⋆H1(B,C),
π⋆H2(B,C) =
〈
{α ∧ α¯}DR, {α ∧ β¯}DR, {β ∧ α¯}DR, {β ∧ β¯}DR
〉
≃ H1, 1BC(X, C) ≃ π
⋆H1, 1(B,C)
H2(X,C) = π⋆H2(B,C)⊕
〈
{γ ∧ α}DR, {γ ∧ β}DR
〉
⊕
〈
{γ¯ ∧ α¯}DR, {γ¯ ∧ β¯}DR
〉
,
π⋆H3(B,C) = 0,
H3(X,C) =
〈
{α ∧ β ∧ γ}DR
〉
⊕ {γ ∧ π⋆H1, 1(B,C)}DR ⊕ {γ¯ ∧ π
⋆H1, 1(B,C)}DR
⊕
〈
{α¯ ∧ β¯ ∧ γ¯}DR
〉
H4DR(X,C) =
〈
{α ∧ β ∧ γ ∧ α¯}DR, {α ∧ β ∧ γ ∧ β¯}DR
〉
⊕
〈
{α ∧ γ ∧ α¯ ∧ γ¯}DR, {α ∧ γ ∧ β¯ ∧ γ¯}DR, {β ∧ γ ∧ α¯ ∧ γ¯}DR, {β ∧ γ ∧ β¯ ∧ γ¯}DR
〉
⊕
〈
{α ∧ α¯ ∧ β¯ ∧ γ¯}DR, {β ∧ α¯ ∧ β¯ ∧ γ¯}DR
〉
. (13)
Since the holomorphic 1-form γ is not closed, the Fro¨licher spectral sequence of X does not de-
generate at E1. Furthermore, thanks to (12), the triple Massey product of the De Rham cohomology
classes {α}, {β}, {β} ∈ H1DR(X, C) is
〈α, β, β〉 = {β ∧ γ}DR ∈ H
2(X,C)/{α} ∪H1(X, C) + {β} ∪H1(X,C).
Thus, 〈α, β, β〉 6= 0 thanks to (13) and to {α} ∪H1(X, C) + {β} ∪H1(X,C) = π⋆H2(B,C). There-
fore, no complex structure on the C∞ manifold underlying the Iwasawa manifold (in particular, no
deformation of X) is Ka¨hler or even ∂∂¯. However, the Iwasawa manifold supports balanced metric
structures, as is well known (cf. e.g. [AB91, Remark 3.1]).
It is known ([Nak75], [Sch07], [Ang11]) that the forms α, β, γ generate the entire cohomology
of X . For example, we shall need the following descriptions in terms of generators of the following
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cohomology groups:
H1, 0
∂¯
(X,C) =
〈
[α]∂¯, [β]∂¯, [γ]∂¯
〉
, H0, 1
∂¯
(X,C) =
〈
[α]∂¯, [β]∂¯
〉
= π⋆H0, 1
∂¯
(B,C),
H1, 1
∂¯
(X, C) =
〈
[α ∧ α]∂¯ , [α ∧ β]∂¯, [β ∧ α]∂¯, [β ∧ β]∂¯ , [γ ∧ α]∂¯ , [γ ∧ β]∂¯
〉
,
H3, 0
∂¯
(X,C) =
〈
[α ∧ β ∧ γ]∂¯
〉
, H0, 3
∂¯
(X,C) =
〈
[α ∧ β ∧ γ]∂¯
〉
,
H2, 1
∂¯
(X, C) =
〈
[α ∧ γ ∧ α]∂¯, [α ∧ γ ∧ β]∂¯ , [β ∧ γ ∧ α]∂¯, [β ∧ γ ∧ β]∂¯
〉
⊕
〈
[α ∧ β ∧ α]∂¯ , [α ∧ β ∧ β]∂¯
〉
= [γ ∧ π⋆H1, 1
∂¯
(B, C)]∂¯ ⊕ π
⋆H2, 1
∂¯
(B, C), (14)
H1, 2
∂¯
(X, C) =
〈
[α ∧ α ∧ γ]∂¯, [β ∧ α ∧ γ]∂¯ , [α ∧ β ∧ γ]∂¯, [β ∧ β ∧ γ]∂¯
〉
⊕
〈
[γ ∧ α ∧ γ]∂¯, [γ ∧ β ∧ γ]∂¯
〉
.
3 Deformations
3.1 The Calabi-Yau isomorphism
Since T 1, 0X is trivial, the Iwasawa manifold X is, in particular, a Calabi-Yau manifold. Since its
Kuranishi family (Xt)t∈∆ is unobstructed by Nakamura [Nak75], its base ∆ can be identified with an
open ball in the Dolbeault cohomology group H0, 1(X, T 1, 0X) of classes of smooth ∂¯-closed (0, 1)-
forms with values in the holomorphic tangent bundle T 1, 0X . In particular, the holomorphic tangent
space T 1, 00 ∆ to ∆ at 0 is isomorphic, via the Kodaira-Spencer map ρ, to H
0, 1(X, T 1, 0X).
On the other hand, the Calabi-Yau structure of X is defined by any nowhere-vanishing holo-
morphic (3, 0)-form Ω on X . All such forms are equal up to a multiplicative constant, so we may
choose, for example, Ω := α ∧ β ∧ γ. We get the following isomorphisms, the second of which will
be called the Calabi-Yau isomorphism:
T 1, 00 ∆
ρ
−→
≃
H0, 1(X, T 1, 0X)
TΩ−→
≃
H2, 1
∂¯
(X, C), (15)
[θ]∂¯ 7−→ [θyΩ]∂¯.
The Calabi-Yau isomorphism can be described explicitly in the case of the Iwasawa manifold.
Let ξα, ξβ, ξγ ∈ H
0(X, T 1, 0X) be the frame of holomorphic vector fields of type (1, 0) dual to the
frame {α, β, γ}. Thus,
ξα = p⋆
(
∂
∂z1
)
, ξβ = p⋆
(
∂
∂z2
+ z1
∂
∂z3
)
and ξγ = p⋆
(
∂
∂z3
)
where p⋆ stands for the differential of the quotient map p : G→ X .
Now, T 1, 0X being trivial, H0, 1(X, T 1, 0X) = H0, 1(X, C) ⊗ H0(X, T 1, 0X) is generated (cf.
[Nak75]) by the Dolbeault cohomology classes
H0, 1(X, T 1, 0X) =
〈
[α⊗ ξα], [α⊗ ξβ], [α⊗ ξγ], [β ⊗ ξα], [β ⊗ ξβ], [β ⊗ ξγ]
〉
. (16)
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In particular, dimCH
0, 1(X, T 1, 0X) = 6, so the Kuranishi family of X is 6-dimensional. The images
under the Calabi-Yau isomorphism TΩ of these generators are [(α⊗ ξα)y(α∧ β ∧ γ)]∂¯ = [β ∧ γ ∧ α]∂¯
and its analogues for the remaining five generators, hence the description of H2, 1
∂¯
(X, C) in (14).
For future reference, we recall the following standard piece of notation. We let α1 = α, α2 =
β, ξ1 = ξα, ξ2 = ξβ, ξ3 = ξγ and denote by tiλ, with 1 ≤ λ ≤ 2 and 1 ≤ i ≤ 3, the coordinates
induced on H0, 1(X, T 1, 0X) by the basis ([αλ ⊗ ξi]) 1≤λ≤2
1≤i≤3
(cf. (16)). Since ∆ is an open ball about
the origin in H0, 1(X, T 1, 0X), we can view (t11, t12, t21, t22, t31, t32) as coordinates on ∆. Thus, the
points t ∈ ∆ ⊂ H0, 1(X, T 1, 0X) can be written uniquely as
t =
∑
1≤λ≤2
1≤i≤3
tiλ αλξi ∈ H
0, 1(X, T 1, 0X).
3.2 The essential deformations
The sequence of low-degree terms in the Leray spectral sequence induced by π and TX (the sheaf
associated with the holomorphic tangent bundle T 1, 0X) whose second page is given by Ep,q2 =
Hp(B,Rqπ⋆TX), together with the cohomologies of the short exact sequence
0→ Tπ → TX → π⋆TB → 0
defining the relative tangent bundle to the submersion π, reads 1
0 // H1(B, π⋆Tπ)

// H1(X, Tπ)

// H0(B,R1π⋆Tπ)

0 // H1(B, π⋆TX)

iso // H1(X, TX)

// H0(B,R1π⋆TX)

0 // H1(B, TB)
iso // H1(X, π⋆TB) //
L
bb
H0(B,R1π⋆OX ⊗ TB).
As TX is trivial and as all (0, 1)-Dolbeault cohomology classes on X come from classes on
B (i.e. in terms of the Leray filtration, we have H1(X,OX) = π
⋆H1(B,OB) = F
1H1(X,OX)),
the horizontal map H1(B, π⋆TX) → H
1(X, TX) is an isomorphism. As γ¯ ⊗ ξ· is ∂¯π-closed (i.e.
∂¯(γ¯ ⊗ ξ·) = −α¯ ∧ β¯ ⊗ ξ· vanishes on the fibres of π), it defines an element in H
0(B,R1π⋆Tπ), i.e. a
deformation of the fibres of π. However, since γ¯ ⊗ ξ· is not ∂¯-closed, this does not lift to a global
deformation of X .
Now, consider the quotient map
H0, 1(X, T 1, 0X) = H0, 1(X)⊗H0(X, TX)→ H0, 1(X)⊗H0(X, π⋆TB) = H0, 1(X, π⋆T 1, 0B)
given by the differential of the submersion π and choose its lift L : H0, 1(X, π⋆T 1, 0B)→ H0, 1(X, T 1, 0X)
defined by
L : (π ◦ p)⋆
(
∂
∂z1
)
7→ ξα, (π ◦ p)⋆
(
∂
∂z2
)
7→ ξβ.
1The notation used here refers to sheaves. We shall often use in the sequel the vector-bundle notation. For example,
H1(B, TB) (in sheaf notation) coincides with H0, 1(B, T 1, 0B) (in vector-bundle notation).
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Consider the subspace of H0, 1(X, T 1, 0X) defined by
H0, 1[γ] (X, T
1, 0X) := LH0, 1(X, π⋆T 1, 0B) =
〈
[α⊗ ξα], [α⊗ ξβ], [β ⊗ ξα], [β ⊗ ξβ]
〉
(17)
This amounts to singling out, for every first-order deformation of B (i.e. for every element of
H0, 1(B, T 1, 0B)), a suitable first-order automorphism in H1(B, π⋆Tπ) of the fibres of π.
Lemma 3.1. The map H0, 1(X, T 1, 0X)
·y[γ]∂¯−→ H0, 1
∂¯
(X, C), [θ] 7→ [θyγ]∂¯ , is well defined and its
kernel is precisely H0, 1[γ] (X, T
1, 0X), i.e.
H0, 1[γ] (X, T
1, 0X) =
{
[θ] ∈ H0, 1(X, T 1, 0X)
/
[θyγ] = 0 ∈ H0, 1
∂¯
(X, C)
}
. (18)
Proof. For every [θ] ∈ H0, 1(X, T 1, 0X), we have ∂¯(θyγ) = (∂¯θ)yγ + θy(∂¯γ) = 0 since ∂¯θ = 0 (where
∂¯ is the canonical (0, 1)-connection of the holomorphic vector bundle T 1, 0X and θ is viewed as a
∂¯-closed (0, 1)-form with values in this bundle) and ∂¯γ = 0. Thus, θyγ defines indeed a Dolbeault
cohomology class of type (0, 1) which furthermore is independent of the choice of representative
θ of the class [θ] ∈ H0, 1(X, T 1, 0X). To see this last point, take two cohomologous θ1, θ2. Then,
θ1 − θ2 = ∂¯ξ for some ξ ∈ C
∞(X, T 1, 0X). We have ∂¯(ξyγ) = (∂¯ξ)yγ − ξy(∂¯γ) = (∂¯ξ)yγ. This
proves the well-definedness of the map ·y[γ]∂¯. Identity (18) follows at once from (16) and (17).
Definition 3.2. Bearing in mind that ∆ ⊂ H0, 1(X, T 1, 0X) is an open subset, let
∆[γ] := ∆ ∩H
0, 1
[γ] (X, T
1, 0X).
So formally, thanks to (18) and by analogy with polarising (1, 1)-classes 2, the family of defor-
mations (Xt)t∈∆[γ] is “polarised” by the (1, 0)-class [γ]∂¯ ∈ H
1, 0
∂¯
(X, C).
It follows from Nakamura’s description of the Kuranishi family of the Iwasawa manifold ([Nak75,
p. 96]) that the manifolds Xt with t ∈ ∆[γ] \ {0} are contained in the union of Nakamura’s classes
(ii) and (iii). They are not complex parallelisable. Meanwhile, the removed deformations Xt with
t ∈ ∆ \ {0} corresponding to [θyΩ] ∈ 〈[α∧ β ∧α]∂¯, [α∧ β ∧ β]∂¯〉 ⊂ H
2, 1
∂¯
(X, C) make up Nakamura’s
class (i). They are all complex parallelisable (and, in a sense, have the same geometry as the Iwasawa
manifold X = X0). So, no geometric information is lost by these removals. For this reason, we call
(Xt)t∈∆[γ] the local universal family of essential deformations of X .
In terms of coordinates, we see that (t11, t12, t21, t22) define coordinates on ∆[γ]. Consequently,
the points t ∈ ∆[γ] ⊂ H
0, 1
[γ] (X, T
1, 0X) can be written uniquely as
t =
∑
1≤λ≤2
1≤i≤2
tiλ αλξi ∈ H
0, 1
[γ] (X, T
1, 0X).
2Recall that in the standard case of a Ka¨hler class [ω] on X0, the fibres Xt polarised by [ω], i.e. the fibres Xt
for which [ω] remains of Jt-type (1, 1), are precisely those corresponding to [θ] ∈ H
0, 1(X0, T
1, 0X0) satisfying the
condition [θyω] = 0 in H0, 2(X0, C).
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4 Weight-three Hodge decomposition
4.1 The (3, 0)-part
We start with a simple general observation.
Lemma 4.1. Let Y be an arbitrary compact complex manifold with dimCY = n. Then, there is a
canonical injection Hn,0
∂¯
(Y, C) →֒ HnDR(Y, C).
Proof. It is clear that Hn, 0
∂¯
(Y, C) = C∞n, 0(Y, C)∩ker ∂¯ since every Dolbeault cohomology class [u]∂¯ of
bidegree (n, 0) has a unique representative u. Indeed, zero is the only ∂¯-exact (n, 0)-form. Moreover,
every such (n, 0)-form u is d-closed since ∂u = 0 for bidegree reasons. Therefore, the following map
is well defined :
Hn, 0
∂¯
(Y, C) −→ HnDR(Y, C), [u]∂¯ 7−→ {u}DR.
It remains to prove that this map is injective, i.e. that u = 0 whenever u is d-exact. Suppose that
for a ∂¯-closed (n, 0)-form u, we have u = dv. Then u = ∂v for bidegree reasons. Hence
0 ≤
∫
Y
in
2
u ∧ u¯ =
∫
Y
in
2
u ∧ ∂¯v = (−1)n in
2
∫
Y
∂¯(u ∧ v) = (−1)n in
2
∫
Y
d(u ∧ v) = 0,
where the last identity follows from Stokes’s theorem.
Since the smooth (n, n)-form in
2
u ∧ u¯ is non-negative at every point, this can only happen if
in
2
u ∧ u¯ = 0 at every point. We get u = 0 on X . Indeed, writing u = f dz1 ∧ · · · ∧ dzn in local
coordinates, we see that in
2
u ∧ u¯ = |f |2 idz1 ∧ dz¯1 ∧ · · · ∧ idzn ∧ dz¯n, hence f = 0 in our situation.
4.2 The (2, 1)-part: definition of H2, 1[γ] (X, C)
The space H2, 1
∂¯
(X, C) does not inject canonically into H3DR(X, C) as can be seen from (13) and (14),
so there is no standard Hodge decomposition for H3DR(X, C) on the Iwasawa manifold X . This can
also be seen by a simple dimension count: b3 = 10, while h
3, 0 + h2, 1 + h1, 2 + h0, 3 = 1 + 6 + 6 + 1 =
14 > 10. However, we shall shrink the Dolbeault cohomology group of bidegree (2, 1) in order to
make it fit into H3DR(X, C) and shall thus obtain a corresponding Hodge decomposition of weight 3
that will be seen to have a precise geometric meaning in terms of the essential deformations of X
defined in §.3.2.
Definition 4.2. The 4-dimensional subspace H2, 1[γ] (X, C) of H
2, 1
∂¯
(X, C) is defined as the image of
H0, 1[γ] (X, T
1, 0X) = LH0, 1(X, π⋆T 1, 0B) under the Calabi-Yau isomorphism TΩ : H
0, 1(X, T 1, 0X) →
H2, 1
∂¯
(X, C).
Thus, by (17), we get
H2, 1[γ] (X, C) =
〈
[α ∧ γ ∧ α]∂¯ , [α ∧ γ ∧ β]∂¯, [β ∧ γ ∧ α]∂¯, [β ∧ γ ∧ β]∂¯
〉
= [γ ∧ π⋆H1,1(B,C)]∂¯. (19)
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We see from (13) that H2, 1[γ] (X, C) injects into H
3
DR(X,C). Note that, since [ξγyΩ] = [α ∧ β] =
[−dγ] = 0 ∈ H2DR(X,C) while α¯ and β¯ are closed, the image of H
2, 1
[γ] (X, C) in H
3
DR(X,C) does
depend neither on the choice of the lift L 3 nor on the choice of [γ] in
H0(X,Ω1X)
H0(π⋆Ω1B)
.
We get isomorphisms
T 1, 00 ∆[γ]
ρ
−→
≃
H0, 1[γ] (X, T
1, 0X)
TΩ−→
≃
TΩ(H
0, 1
[γ] (X, T
1, 0X)) =: H2, 1[γ] (X, C).
4.3 The (1, 2)-part
Recall now that if a Hermitian metric ω has been fixed on an arbitrary compact complex n-
dimensional manifold Y , the corresponding Hodge star operator ⋆ (defined by u∧ ⋆v¯ = 〈u, v〉ω dVω)
leads to the following isomorphisms for every bidegree (p, q) :
ι : Hp, q
∂¯
(Y, C)
≃
−→ Hn−q, n−p∂ (Y, C)
≃
−→ Hn−p,n−q
∂¯
(Y, C).
Indeed, the first isomorphism is given by ⋆ since ⋆∆′′ = ∆′ ⋆, while the second one, which is C-anti-
linear, is defined by conjugation.
In our case, n = 3 and the Iwasawa manifold X0 is endowed with the canonical metric
ω = ω0 := iα ∧ α¯ + iβ ∧ β¯ + iγ ∧ γ¯, (20)
so we get
H3, 0
∂¯
(X, C)
≃
−→ H0, 3
∂¯
(X, C) and H2, 1
∂¯
(X, C)
≃
−→ H1, 2
∂¯
(X, C).
Accordingly, we define
H1, 2[γ] (X, C) : = ιH
2, 1
[γ] (X, C) =
〈
[⋆(β ∧ β ∧ γ)]∂¯, [⋆(α ∧ β ∧ γ)]∂¯, [⋆(β ∧ α ∧ γ)]∂¯ , [⋆(α ∧ α ∧ γ)]∂¯
〉
=
〈
[β ∧ β ∧ γ]∂¯, [α ∧ β ∧ γ]∂¯, [β ∧ α ∧ γ]∂¯ , [α ∧ α ∧ γ]∂¯
〉
⊂ H3DR(X, C), (21)
where ⋆ = ⋆ω is the Hodge star operator associated with ω. The fact that ⋆ can be dropped from
the above definition of H1, 2[γ] (X, C) to give the expression on the second line follows from Lemma 5.2
below.
Proposition 4.3. Let X be the Iwasawa manifold.
There are canonical injections H2, 1[γ] (X, C) →֒ H
3
DR(X, C) and H
1, 2
[γ] (X, C) →֒ H
3
DR(X, C) giving
rise to a canonical isomorphism
H3DR(X, C) ≃ H
3, 0
∂¯
(X, C)⊕H2, 1[γ] (X, C)⊕H
1, 2
[γ] (X, C)⊕H
0, 3
∂¯
(X, C) (22)
that will be called the essential weight-three Hodge decomposition of the Iwasawa manifold.
Moreover, there are canonical isomorphisms given by conjugation
H3, 0
∂¯
(X, C) ≃ H0, 3
∂¯
(X, C) and H2, 1[γ] (X, C) ≃ H
1, 2
[γ] (X, C)
4 (23)
that will be called the essential weight-three Hodge symmetry of the Iwasawa manifold.
3It is also the image of the map H0(X,Ω1X/B)× pi
⋆H
1,1
∂¯
(B,C)→ H3DR(X,C), ([γ], [u]∂¯) 7→ {u ∧ γ}DR
4Note from the explicit descriptions in (14) that this isomorphism does not hold for the full Dolbeault cohomology
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Proof. The canonical injections follow obviously from the descriptions (19), (21) and (14) ofH2, 1[γ] (X, C),
H1, 2[γ] (X, C) and resp. H
3
DR(X, C). On the other hand, H
3, 0
∂¯
(X, C) injects canonically intoH3DR(X, C)
by Lemma 4.1, while H0, 3
∂¯
(X, C) injects canonically thanks to its explicit description in (14). Since
the images inH3DR(X, C) ofH
3, 0
∂¯
(X, C), H2,1[γ] (X, C), H
1, 2
[γ] (X, C), H
0, 3
∂¯
(X, C) are mutually transver-
sal by the explicit description of the injections and since 10 = dimH3 = dimH3, 0 + dimH2, 1[γ] +
dimH1, 2[γ] + dimH
0, 3 = 1 + 4 + 4 + 1, we get the isomorphism (22). The isomorphisms (23) follow
from (14), (19) and (21).
4.4 Hodge decomposition for small essential deformations of X
Recall that ∆[γ] = {t ∈ ∆ | t31 = t32 = 0}, so (t11, t12, t21, t22) are coordinates on ∆[γ].
Proposition 4.4. Let (Xt)t∈∆ be the Kuranishi family of the Iwasawa manifold X = X0. Then the
space H2, 1[γ] (X, C) = H
2, 1
[γ] (X0, C) described in (19) is the fibre over t = 0 of a C
∞ vector bundle
∆[γ] ∋ t 7→ H
2, 1
[γ] (Xt, C) of rank 4 on ∆[γ] that will be denoted by H
2, 1
[γ] .
Proof. Recall that by [Nak75, p. 95], for t =
∑
1≤λ≤2
1≤i≤3
tiλ αλξi ∈ H
0, 1(X0, T
1, 0X0)
5, a system of local
holomorphic coordinates (ζ1(t), ζ2(t), ζ3(t)) on Xt = C
3/Γt is given in terms of a system of local
holomorphic coordinates (z1, z2, z3) on X = X0 by the formulae
ζ1(t) = z1+
2∑
λ=1
t1λ z¯λ, ζ2(t) = z2+
2∑
λ=1
t2λ z¯λ, ζ3(t) = z3+
2∑
λ=1
(t3λ+t2λ z1) z¯λ+At(z¯)−D(t) z¯3, (24)
where
At(z¯) :=
1
2
[t11 t21 z¯
2
1 + 2 t11 t22 z¯1 z¯2 + t12 t22 z¯
2
2 ]
and D(t) := t11 t22 − t12 t21.
Note that the ζj(t)’s depend holomorphically on t. The projection map given in coordinates by
(ζ1(t), ζ2(t), ζ3(t))
πt7→ (ζ1(t), ζ2(t))
displays Xt as fibred over an Abelian surface Bt = Alb(Xt), the Albanse torus of Xt. These coordi-
nates induce ([Ang11, §.4.3]), for every t ∈ ∆ close to 0, the co-frame
αt := dζ1(t), βt := dζ2(t), γt := dζ3(t)− z1 dζ2(t)− (t21 z¯1 + t22 z¯2) dζ1(t) (25)
of (1, 0)-forms on Xt (i.e. a Γt-invariant co-frame of (1, 0)-forms on C
3) varying in a holomorphic
way with t. Note that αt, βt, γt are linearly independent at every point of Xt if t is sufficiently close
to 0 by mere continuity of their dependence on t since α0 = α, β0 = β and γ0 = γ are linearly
independent at every point of X0. Also note that γt need not be ∂¯t-closed when t 6= 0. Actually, the
complex structure of Xt is complex parallelisable iff ∂¯tγt = 0 iff Xt is in Nakamura’s class (i) (see
[Nak75, p. 94-96]).
5where α1 = α, α2 = β, ξ1 = ξα, ξ2 = ξβ , ξ3 = ξγ
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Moreover, for t in one of Nakamura’s classes (ii) or (iii) (in particular, for t ∈ ∆[γ]), the structure
equations for γt (cf. [Ang11, §.4.3]) read
∂¯tγt = σ11¯(t)αt ∧ α¯t + σ12¯(t)αt ∧ β¯t + σ21¯(t) βt ∧ α¯t + σ22¯(t) βt ∧ β¯t,
∂tγt = σ12(t)αt ∧ βt, (26)
where σ12 and σij¯ are C
∞ functions of t ∈ ∆[γ] that depend only on t (so σ12(t) and σij¯(t) are
complex numbers for every fixed t ∈ ∆[γ]) and satisfy σ12(0) = −1 and σij¯(0) = 0 for all i, j.
Now, for every t ∈ ∆ close to 0, the Jt-(1, 1)-form
ωt := iαt ∧ αt + iβt ∧ βt + iγt ∧ γt (27)
is positive definite, hence it defines a Hermitian metric on Xt that varies in a C
∞ way with t. Note
that ω0 is canonically induced by the complex parallelisable structure of the Iwasawa manifold X0.
This feature will play a key role further down.
Let ∆′′t = ∂¯t∂¯
⋆
t + ∂¯
⋆
t ∂¯t be the ∂¯-Laplacian on Xt defined by ωt. According to [Ang14, p. 80], for
every t in one of Nakamura’s classes (ii) or (iii) (in particular, for every t ∈ ∆[γ]), the following
Jt-(2, 1)-forms
Γ1(t) := αt ∧ γt ∧ α¯t −
σ22¯(t)
σ12(t)
αt ∧ βt ∧ γ¯t, Γ2(t) := αt ∧ γt ∧ β¯t −
σ21¯(t)
σ12(t)
αt ∧ βt ∧ γ¯t,
Γ3(t) := βt ∧ γt ∧ α¯t −
σ12¯(t)
σ12(t)
αt ∧ βt ∧ γ¯t, Γ4(t) := βt ∧ γt ∧ β¯t −
σ11¯(t)
σ12(t)
αt ∧ βt ∧ γ¯t (28)
are linearly independent ∆′′t -harmonic forms. So, their Dolbeault classes are linearly independent.
Definition 4.5. We define
H2, 1[γ] (Xt, C) :=
〈
[Γ1(t)]∂¯, [Γ2(t)]∂¯, [Γ3(t)]∂¯ , [Γ4(t)]∂¯
〉
⊂ H2, 1
∂¯
(Xt, C) for every t ∈ ∆[γ]. (29)
The families (Γk(t))t∈∆[γ] are C
∞ families of ∆′′t -harmonic (2, 1)-forms (inducing C
∞ families
([Γk(t)]∂¯)t∈∆[γ] of ∂¯-cohomology classes) on the fibres of (Xt)t∈∆[γ] such that Γ1(0) = α ∧ γ ∧
α¯, Γ2(0) = α ∧ γ ∧ β¯, Γ3(0) = β ∧ γ ∧ α¯, Γ4(0) = β ∧ γ ∧ β¯. Note that the Γk(t)’s do not
depend holomorphically on t.
Therefore, we get a C∞ vector bundle H2, 1[γ] −→ ∆[γ] of rank 4, ∆[γ] ∋ t 7→ H
2, 1
[γ] (Xt, C) = H
2, 1
[γ], t
whose fibre above t = 0 is H2, 1[γ] (X, C) defined in (19)
6.
Remark 4.6. By analogy with §.3.1, for every t ∈ ∆[γ] we consider the Jt-(3, 0)-form
Ωt := αt ∧ βt ∧ γt.
Then Ωt depends holomorphically on t, hence (by continuity) it is non-vanishing on Xt for all
t sufficiently close to zero since Ω0 is non-vanishing. Moreover, Ωt is holomorphic since ∂¯tΩt =
6Alternatively, we could have displayed H2, 1[γ], t as the bundle of kernels of a smooth family of elliptic differential
operators involving a zeroth-order perturbation by the γt.
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αt ∧ βt ∧ ∂¯tγt = 0, the last identity being a consequence of the special shape of the structure
equations (26) (displaying the form ∂¯tγt as lying in π
⋆
t C
∞
1, 1(Bt,C)). This shows again that the
canonical bundle of Xt is trivial. By analogy with (15), for every t ∈ ∆[γ] we define the Calabi-Yau
isomorphism of Xt by
H0, 1(Xt, T
1, 0Xt)
TΩt−→
≃
H2, 1
∂¯
(Xt, C), [θ] 7−→ [θyΩt], (30)
and finally, using the subspace H2, 1[γ] (Xt, C) ⊂ H
2, 1
∂¯
(Xt, C) introduced in Definition 4.5, we put
H0, 1[γ] (Xt, T
1, 0Xt) := T
−1
Ωt
(H2, 1[γ] (Xt, C)) ⊂ H
0, 1(Xt, T
1, 0Xt), t ∈ ∆[γ]. (31)
In particular, the family (TΩt)t∈∆[γ] of Calabi-Yau isomorphisms is holomorphic and T
1, 0
t ∆[γ] ≃
H0, 1[γ] (Xt, T
1, 0Xt) for all t ∈ ∆[γ].
The following statement follows from definitions (28) and the structure equations (26). For t = 0,
it overlaps with Lemma 5.1.
Lemma 4.7. Let (Xt)t∈∆ be the Kuranishi family of the Iwasawa manifold X = X0. Then, for every
t ∈ ∆[γ], the Jt-(2, 1)-forms Γ1(t),Γ2(t),Γ3(t),Γ4(t) of (28) are d-closed and ∂¯
⋆
t -closed, where ∂¯
⋆
t is
the formal adjoint of ∂¯t w.r.t. the metric ωt defined in (27). When t = 0, they are also ∂
⋆
0-closed.
Proof. Thanks to (25), we have dαt = dβt = 0. Meanwhile, ∂tγt = σ12(t)αt ∧ βt comes from a form
of type (2, 0) on Bt by (26). Hence,
∂t(αt ∧ γt ∧ α¯t) = −αt ∧ ∂tγt ∧ α¯t = 0
and also
∂t(βt ∧ γt ∧ α¯t) = ∂t(αt ∧ γt ∧ β¯t) = ∂t(βt ∧ γt ∧ β¯t) = 0.
From (26), we get
∂tγ¯t = ∂¯tγt = σ11¯(t) α¯t ∧ αt + σ12¯(t) α¯t ∧ βt + σ21¯(t) β¯t ∧ αt + σ22¯(t) β¯t ∧ βt,
hence
∂t(αt ∧ βt ∧ γ¯t) = αt ∧ βt ∧ ∂tγ¯t = 0
since all the terms in the resulting sum contain a product αt∧αt = 0 or βt∧βt = 0. These identities,
together with (28), prove that ∂tΓj(t) = 0 for all t ∈ ∆[γ] and all j = 1, 2, 3, 4.
On the other hand, ∂¯tΓj(t) = 0 and ∂¯
⋆
t Γj(t) = 0 since the forms Γj(t) are ∆
′′
t -harmonic ([Ang14,
p. 80]). Therefore, they are all d-closed and ∂¯⋆t -closed.
Thanks to (28), checking whether or not the forms Γj(t) lie in the kernel of ∂
⋆
t involves computing
the quantities 〈〈∂⋆t (αt ∧ γt ∧ α¯t), u〉〉, 〈〈∂
⋆
t (βt ∧ γt ∧ α¯t), u〉〉, 〈〈∂
⋆
t (αt ∧ γt ∧ β¯t), u〉〉, 〈〈∂
⋆
t (βt ∧ γt ∧
β¯t), u〉〉, 〈〈∂
⋆
t (αt ∧ βt ∧ γ¯t), u〉〉 for all forms u ∈ C
∞
1, 1(Xt, C) in a system of generators. Now, among
the generators αt ∧ α¯t, αt ∧ β¯t, αt ∧ γ¯t, βt ∧ α¯t, βt ∧ β¯t, βt ∧ γ¯t, γt ∧ α¯t, γt ∧ β¯t, γt ∧ γ¯t of the space
C∞1, 1(Xt, C), only those containing γt or γ¯t are not ∂t-closed. Moreover, when u is one of these except
γt∧ γ¯t, ∂tu is a sum of factors none of which is either γt or γ¯t, so the above L
2
ωt inner products vanish.
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Indeed, for example, if u = αt ∧ γ¯t, then
∂tu = −αt ∧ ∂tγ¯t = −αt ∧ [σ12¯(t) α¯t ∧ βt + σ22¯(t) β¯t ∧ βt],
where the last identity follows from (26). We get
〈〈∂⋆t (αt ∧ γt ∧ α¯t), u〉〉 = 〈〈αt ∧ γt ∧ α¯t, ∂tu〉〉 = 0
since αt ∧ γt ∧ α¯t is L
2
ωt-orthogonal onto αt ∧ α¯t ∧βt and onto αt ∧ β¯t ∧βt. This orthogonality follows
from the basis of (1, 0)-forms αt, βt, γt being L
2
ωt-orthonormal.
However, when u = γt ∧ γ¯t, we get
∂tu = ∂tγt ∧ γ¯t − γt ∧ ∂tγ¯t = σ12(t)αt ∧ βt ∧ γ¯t + σ11¯(t) γt ∧ αt ∧ α¯t + σ12¯(t) γt ∧ βt ∧ α¯t
+ σ21¯(t) γt ∧ αt ∧ β¯t + σ22¯(t) γt ∧ βt ∧ β¯t.
Hence 〈〈αt ∧ γt ∧ α¯t, ∂tu〉〉 = −σ11¯(t) and 〈〈
σ22¯(t)
σ12(t)
αt ∧ βt ∧ γ¯t, ∂tu〉〉 = σ22¯(t), so ∂
⋆
t Γ1(t) = 0 if and
only if σ22¯(t) = −σ11¯(t). There is no reason for this to happen when t 6= 0, but it does happen at
t = 0 since σij¯(0) = 0 for all i, j.
The forms Γ2(t),Γ3(t),Γ4(t) can be treated in a similar way.
Corollary 4.8. For every t ∈ ∆[γ] sufficiently close to 0, we have a linear injection
H2, 1[γ] (Xt, C) −→ H
3
DR(X, C), [Γj(t)]∂¯ 7→ {Γj(t)}DR for j = 1, . . . , 4, (32)
where X is the C∞ manifold underlying the fibres Xt.
Proof. The ∆0-harmonicity of the linearly independent forms Γ1(0),Γ2(0),Γ3(0),Γ4(0) implies that
the De Rham classes they define are linearly independent in H3DR(X, C). Thus, the linear map
defined in (32) is an injection when t = 0. Then, by continuity, it remains an injection for t ∈ ∆[γ]
sufficiently close to 0. 
As earlier on, we define
H1, 2[γ] (Xt, C) := ιt(H
2, 1
[γ] (Xt, C)) =
〈
[⋆tΓ1(t)]∂¯, [⋆tΓ2(t)]∂¯ , [⋆tΓ3(t)]∂¯, [⋆tΓ4(t)]∂¯
〉
⊂ H1, 2
∂¯
(Xt, C), (33)
where ⋆t := ⋆ωt is the Hodge star operator associated with the metric ωt defined in (27) on Xt.
4.5 Identification of H2, 1[γ] (Xt, C) with E
2, 1
2 (Xt)
We shall now give a cohomological interpretation of the spaces H2, 1[γ] (Xt, C) in terms of the groups
E2, 12 (Xt, C) featuring at the second step of the Fro¨licher spectral sequence of each small deformation
Xt of the Iwasawa manifold X = X0. At least the first conclusion of the following statement was
observed in [COUV16].
Proposition 4.9. Let (Xt)t∈∆ be the Kuranishi family of the Iwasawa manifold X = X0. Then
(a) the Fro¨licher spectral sequence of Xt degenerates at E2 for every t ∈ ∆ sufficiently close to 0;
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(b) at the second step of the Fro¨licher spectral sequence, we have dimE2, 12 (Xt, C) = 4 for t = 0
and for every Xt in any of Nakamura’s classes (ii) and (iii) (in particular, for every t ∈ ∆[γ]);
(c) there is a canonical isomorphism E2, 12 (Xt, C) ≃ H
2, 1
[γ] (Xt, C) for t = 0 and for every Xt in any
of Nakamura’s classes (ii) and (iii) (in particular, for every t ∈ ∆[γ]).
Proof. (a) This follows from Theorem 5.6 in [COUV16]. Indeed, the Xt’s are nilmanifolds of real
dimension 6 endowed with invariant complex structures and admitting sG metrics. This last
property follows from the Iwasawa manifold X0 being balanced, hence sG, and from the sG
property being deformation open ([Pop14, Theorem 3.1]).
(b) and (c) For X = X0, the part of the E1 page of the Fro¨licher spectral sequence relevant to us is
· · ·
∂
−→ H1, 1
∂¯
(X, C)
∂
−→ H2, 1
∂¯
(X, C) = H2, 1[γ] (X, C)⊕
〈
[α∧β∧α¯]∂¯, [α∧β∧β¯]∂¯
〉
∂
−→ H3, 1
∂¯
(X, C)
∂
−→ 0,
where ∂ is defined in cohomology by ∂([u]∂¯) = [∂u]∂¯ and the direct-sum splitting follows from
(14) and (19). Now, we see that much like α∧β∧ α¯ and α∧β∧ β¯, the representatives α∧γ∧ α¯,
α ∧ γ ∧ β¯, β ∧ γ ∧ α¯ and β ∧ γ ∧ β¯ of the four (2, 1)-classes generating H2, 1[γ] (X, C) (cf. (19))
are ∂-closed. Indeed, for example, ∂(α ∧ γ ∧ α¯) = −α ∧ ∂γ ∧ α¯ = α ∧ (α ∧ β) ∧ α¯ = 0 (cf.
(12)). Hence, the whole of H2, 1
∂¯
(X, C) is contained in the kernel of ∂. Using the explicit
description (14) of H1, 1
∂¯
(X, C) and the structure equation ∂γ = −α ∧ β of (12), we infer that
the image of the map ∂ : H1, 1
∂¯
(X, C) −→ H2, 1
∂¯
(X, C) is 〈[α∧β∧ α¯]∂¯, [α∧β∧ β¯]∂¯〉. This proves
that
E2, 12 (X) = ker
(
∂ : H2, 1
∂¯
(X, C) −→ H3, 1
∂¯
(X, C)
)/
Im
(
∂ : H1, 1
∂¯
(X, C) −→ H2, 1
∂¯
(X, C)
)
= H2, 1
∂¯
(X, C)
/〈
[α ∧ β ∧ α¯]∂¯, [α ∧ β ∧ β¯]∂¯
〉
≃ H2, 1[γ] (X, C)
which is (c) for t = 0. In particular, dimE2, 12 (X) = 4 since H
2, 1
[γ] (X, C) has dimension 4 by
construction.
We now analyse the case when Xt is in Nakamura’s class (iii) and show that the Fro¨licher
spectral sequence degenerates even at E1. Indeed, the Betti numbers (deformation invariant)
and the Hodge numbers of any such Xt computed in [Nak75] read
b1 = 4 = 2 + 2 = h
1, 0(t) + h0, 1(t), b2 = 8 = 1 + 5 + 2 = h
2, 0(t) + h1, 1(t) + h0, 2(t),
b3 = 10 = 1 + 4 + 4 + 1 = h
3, 0(t) + h2, 1(t) + h1, 2(t) + h0, 3(t).
By Poincare´ and Serre duality, we also get b4 = 8 = 2 + 5 + 1 = h
3, 1(t) + h2, 2(t) + h1, 3(t) and
b5 = 4 = 2 + 2 = h
3, 2(t) + h2, 3(t). These identities amount to E1(Xt) = E∞(Xt) for every Xt
in Nakamura’s class (iii). In particular, E2, 12 (Xt) = E
2, 1
1 (Xt) = H
2, 1
∂¯
(Xt, C) whose dimension
is h2, 1(t) = 4. Since the vector subspace H2, 1[γ] (Xt, C) ⊂ H
2, 1
∂¯
(Xt, C) has the same dimension
4 (cf. (19)), we get E2, 12 (Xt) = H
2, 1
∂¯
(Xt, C) = H
2, 1
[γ] (Xt, C). This proves (b) and (c) for Xt in
Nakamura’s class (iii).
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Suppose now that Xt is in Nakamura’s class (ii). Using the description (cf. [Ang11, Appendix
A])
H2, 1
∂¯
(Xt, C) = H
2, 1
[γ] (Xt, C)⊕
〈
[αt ∧ βt ∧ α¯t]∂¯, [αt ∧ βt ∧ β¯t]∂¯
〉
,
where dim 〈[αt ∧ βt ∧ α¯t]∂¯, [αt ∧ βt ∧ β¯t]∂¯〉 = 1, and Lemma 4.7, we find that the map ∂t :
H2, 1
∂¯
(Xt, C) −→ H
3, 1
∂¯
(Xt, C) is identically zero.
Recall that, thanks to [Ang11], we have the splitting
H1, 1
∂¯
(Xt, C) = π
⋆
tH
1, 1(Bt, C)⊕H
1, 1
vert(Xt, C)
in which H1, 1vert(Xt, C) is of dimension 2 and is generated by classes represented by forms
(containing the vertical form γ) of the shape E αt∧ γ¯t+F βt∧ γ¯t+Gγt∧ α¯t+H γt∧ β¯t, where
E, F,G,H are constants. Since dαt = dβt = 0, ∂t(π
⋆
tH
1, 1(Bt, C)) = 0. Meanwhile, immediate
computations and the use of (26) give
∂t(αt ∧ γ¯t) = −αt ∧ ∂¯tγt = −αt ∧ (σ12¯(t) α¯t ∧ βt + σ22¯(t) β¯t ∧ βt),
∂t(βt ∧ γ¯t) = −βt ∧ ∂¯tγt = −βt ∧ (σ11¯(t) α¯t ∧ αt + σ21¯(t) β¯t ∧ αt),
∂t(γt ∧ α¯t) = ∂tγt ∧ α¯t = σ12(t)αt ∧ βt ∧ α¯t, ∂t(γt ∧ β¯t) = ∂tγt ∧ β¯t = σ12(t)αt ∧ βt ∧ β¯t.
Thus, ∂t(H
1, 1
∂¯
(Xt, C)) = 〈[αt ∧ βt ∧ α¯t]∂¯ , [αt ∧ βt ∧ β¯t]∂¯〉. This settles the case of Nakamura’s
class (ii).
The conclusion of these considerations is summed up in the following
Theorem 4.10. Let (Xt)t∈∆ be the Kuranishi family of the Iwasawa manifold X = X0.
(i) There exists over ∆[γ] a variation of Hodge structures (VHS) of weight 3
H3 = H3, 0 ⊕H2, 1[γ] ⊕H
1, 2
[γ] ⊕H
0, 3, (34)
where H3 is the local system of fibre H3DR(X, C), H
3, 0 is the holomorphic line bundle ∆[γ] ∋ t 7→
H3, 0
∂¯
(Xt, C), H
2, 1
[γ] is the C
∞ vector bundle ∆[γ] ∋ t 7→ H
2, 1
[γ] (Xt, C) ≃ E
2, 1
2 (Xt, C) of rank 4, while
H1, 2[γ] ≃ H
2, 1
[γ] and H
0, 3 = H3, 0.
(ii) The vector subbundles F 3H3 := H3, 0 ⊂ H3 and F 2H3[γ] := H
3, 0 ⊕H2, 1[γ] ⊂ H
3 are holomor-
phic.
The C∞ vector subbundle F 1H3[γ] := H
3, 0⊕H2, 1[γ] ⊕H
1, 2
[γ] ⊂ H
3 is not holomorphic. This is one
of two possible deviations from the behaviour of a standard Hodge filtration.
(iii) As in the standard case, there is a flat connection ∇ : H3 −→ H3⊗Ω∆[γ] (theGauss-Manin
connection) satisfying the Griffiths transversality condition
∇F 3H3 ⊂ F 2H3[γ] ⊗ Ω∆[γ] . (35)
Moreover, in the case of F 1H3[γ], the orthogonality relations derived from a possible transver-
sality statement remain true:
Q(∇F 1H3[γ], F
0H3[γ]) = 0. (36)
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It is unclear whether the transversality condition ∇F pH3[γ] ⊂ F
p−1H3[γ]⊗Ω∆[γ] holds for p = 2 or
p = 1 (the second possible deviation from the behaviour of a standard Hodge filtration).
Proof. (i) The injection H3, 0 →֒ H3 is a consequence of Lemma 4.1, while the injection H2, 1[γ] →֒ H
3
follows from Corollary 4.8.
Moreover, the property E2(Xt) = E∞(Xt) (cf. (a) of Proposition 4.9) gives an isomorphism
H3DR(X, C) ≃ E
3, 0
2 (Xt, C)⊕E
2, 1
2 (Xt, C)⊕ E
1, 2
2 (Xt, C)⊕E
0, 3
2 (Xt, C) for every t ∈ ∆. (37)
We have (cf. (c) of Proposition 4.9) a canonical isomorphism E2, 12 (Xt, C) ≃ H
2, 1
[γ] (Xt, C), while it
is easy to prove that E3, 02 (Xt, C) = H
3, 0
∂¯
(Xt, C) for every t ∈ ∆[γ]. Indeed, to see this last point,
recall that
E3, 02 (Xt, C) = ker
(
∂t : H
3, 0
∂¯
(Xt, C) −→ 0
)/
Im
(
∂t : H
2, 0
∂¯
(Xt, C) −→ H
3, 0
∂¯
(Xt, C)
)
. (38)
The map ∂t acting on H
3, 0
∂¯
(Xt, C) arrives in H
4, 0
∂¯
(Xt, C) = 0, while H
2, 0
∂¯
(Xt, C) is generated by
[αt ∧ βt]∂¯ when Xt is in Nakamura’s class (iii) and by [αt ∧ βt]∂¯ and either [αt ∧ γt]∂¯ or [βt ∧ γt]∂¯
when Xt is in Nakamura’s class (ii). Now, all the three forms αt ∧ βt, αt ∧ γt, βt ∧ γt are ∂t-closed
since αt and βt are ∂t-closed and ∂tγt is a multiple of αt ∧βt. Therefore, ∂t(H
2, 0
∂¯
(Xt, C)) = 0. Thus,
we get from (38) that E3, 02 (Xt, C) = H
3, 0
∂¯
(Xt, C), as stated.
It can then be proved from this that E2, 12 (Xt, C)
≃
−→ E1, 22 (Xt, C) for every t ∈ ∆[γ]. Now, (34)
follows by combining these facts with Proposition 4.4.
(ii) In the first statement, only the fact that the C∞ vector subbundle F 2H3[γ] ⊂ H
3 is actually
holomorphic still needs a proof. We have to show that the holomorphic structure of F 2H3[γ] is the
restriction of the holomorphic structure of H3. In other words, we have to show that for any C∞
section s of F 2H3[γ], the a priori H
3-valued (0, 1)-form D′′s is actually F 2H3[γ]-valued, where D
′′ is
the canonical (0, 1)-connection of the constant bundle H3. We are thus reduced to showing that all
the anti-holomorphic first-order derivatives of the [Γj(t)]∂¯ ’s lie in F
2H3[γ](Xt, C), i.e. that
∂[Γj ]∂¯
∂t¯iλ
(t) ∈ H3, 0(Xt, C)⊕H
2, 1
[γ] (Xt, C) = F
2H3[γ](Xt, C) for all t ∈ ∆[γ] all i, λ. (39)
By way of example, we will show this for the derivatives at t = 0.
To this end, we will make use of the explicit formula for Γ1(t) and its analogues for Γ2(t),Γ3(t),Γ4(t)
obtained in Lemma 8.1 and also of Lemma 8.2 (cf. Appendix). Only the terms on the r.h.s. of that
formula that are linear in the t¯iλ’s give a non-trivial contribution to (∂Γ1(t)/∂t¯iλ)(0). Now, in each
of the formulae for Γ1(t),Γ2(t),Γ3(t),Γ4(t), the only such term featuring on the r.h.s. is, respectively,
−t¯12 α ∧ β ∧ γ, −t¯22 α ∧ β ∧ γ, t¯11 α ∧ β ∧ γ, t¯21 α ∧ β ∧ γ,
whose derivative in the t¯12-direction (respectively the t¯22-, t¯11-, t¯21-direction) is obviously −α∧β ∧γ
(respectively −α ∧ β ∧ γ, α ∧ β ∧ γ, α ∧ β ∧ γ). Thus, for j ∈ {1, 2, 3, 4}, the only non-vanishing
first-order anti-holomorphic derivatives of the [Γj]∂¯ ’s at 0 are
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∂[Γj ]∂¯
∂t¯iλ
(0) = ± [α ∧ β ∧ γ]∂¯ ∈ H
3, 0(X0, C) ⊂ H
3, 0(X0, C)⊕H
2, 1
[γ] (X0, C) = F
2H3[γ](X0, C).
This proves the contention. Note that this also shows that the C∞ vector subbundle H2, 1[γ] of H
3 is
not a holomorphic subbundle, so the analogy with the standard, Ka¨hler, case is preserved.
The second statement under (ii) is proved under (B) in the comments that follow the end of this
proof.
(iii) The transversality statement is an immediate consequence of the fact that the (−1, +1)-
component of the connection ∇[θ] coincides at any point [θ] ∈ T
1, 0
t ∆[γ] ≃ H
0, 1
[γ] (Xt, T
1, 0Xt) (for
t ∈ ∆[γ]) with the contraction operator [θ]y· (see (30) and (31)). Note that the relation [α¯ ∧ β¯]∂¯ =
[−∂¯γ¯]∂¯ = 0 implies that the contraction of the forms of (19) by the elements of (17) vanishes, hence
we get transversality at 0: for all [θ] ∈ T 1, 00 ∆[γ] ≃ H
0, 1
[γ] (X, T
1, 0X),
∇[θ]H
3, 0(X, C) ⊂ H3, 0(X, C)⊕H2, 1[γ] (X, C),
∇[θ]H
2, 1
[γ] (X, C) ⊂ H
2, 1
[γ] (X, C) ⊂ H
2, 1
[γ] (X, C)⊕H
1, 2
[γ] (X, C).
We end this discussion with further comments about the Hodge filtration of Theorem 4.10.
We notice (cf. Corollary 4.11) that the Hodge filtration F 2H3[γ] ⊃ F
3H3 of holomorphic vector
bundles over ∆[γ] constructed on the complex-structure side of the mirror is C
∞ isomorphic to the
Hodge filtration F 1H2(B) ⊃ F 2H2(B) of holomorphic vector bundles over ∆[γ] determined by the
holomorphic family (Bt)t∈∆[γ] of Albanese tori Bt = Alb(Xt) of the fibres Xt. The latter Hodge
filtration will be proved to be C∞ isomorphic to a Hodge filtration that we shall construct on the
metric side of the mirror in section 6, providing thus the link between the two sides.
(A) Recall that the fibres Xt are locally trivial holomorphic fibrations πt : Xt → Bt over complex
tori Bt (the Albanese tori of the Xt’s) of dimension 2 varying in a holomorphic family (Bt)t∈∆.
Implicit in the definition of H2, 1[γ] (Xt, C) ⊂ H
2, 1
∂¯
(Xt, C) (cf. Definition 4.5) are the isomorphisms of
complex vector spaces
H3, 0(Xt, C) ≃ [γt ∧ π
⋆
tH
2, 0(Bt, C)]∂¯ and H
2, 1
[γ] (Xt, C) ≃ [γt ∧ π
⋆
tH
1, 1(Bt, C)]∂¯, t ∈ ∆[γ], (40)
defined by the descriptions H2, 0(Bt, C) = C [αt ∧βt]∂¯ and H
1, 1(Bt, C) = 〈[αt∧ α¯t]∂¯ , [αt ∧ β¯t]∂¯ , [βt ∧
α¯t]∂¯, [βt ∧ β¯t]∂¯〉 of these vector spaces.
Corollary 4.11. The vector space isomorphisms (40) induce C∞ isomorphisms of vector bundles
over ∆[γ]
F 3H3 ≃ F 2H2(B) and F 2H3[γ] ≃ F
1H2(B), (41)
where F 2H2(B) stands for the vector bundle ∆[γ] ∋ t 7→ H
2, 0(Bt, C) and F
1H2(B) stands for the
vector bundle ∆[γ] ∋ t 7→ H
2, 0(Bt, C)⊕H
1, 1(Bt, C).
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Although the first isomorphism in (41) is holomorphic (because γt and πt depend holomorphically
on t), it is unclear whether the second one is holomorphic since the pullback under πt and the
subsequent exterior multiplication by γt are followed by the subtraction of a multiple of αt ∧ β ∧ γ¯t
in the definition (28) of the Γj(t)’s that need not depend holomorphically on t.
Now, (Bt)t∈∆ is a holomorphic family of compact Ka¨hler manifolds, so its Hodge filtration
F pH2(B) consists of holomorphic subbundles of the constant bundle ∆[γ] ∋ t 7→ H
2(Bt) (denoted
henceforth by H2(B)). On the other hand, we know from the conclusion (ii) of Theorem 4.10
that the subbundles F 3H3 −→ ∆[γ] and F
2H3[γ] −→ ∆[γ] of the constant bundle H
3 −→ ∆[γ] are
holomorphic.
(B) We now prove the last statement in part (ii) of Theorem 4.10. We know from (33) that the
vector bundle H1, 2[γ] is trivialised in a neighbourhood of 0 ∈ ∆[γ] by the Dolbeault cohomology classes
of the forms ⋆t Γj(t) with j = 1, . . . , 4.
It will be seen in Lemma 5.2 that ⋆(α ∧ β ∧ γ) = i α ∧ β ∧ γ. This also applies at an arbitrary
t as do all the identities in Lemma 5.2, so ⋆t(αt ∧ βt ∧ γt) = i αt ∧ βt ∧ γt for all t ∈ ∆. Therefore,
using (28) for the first line below and (50) for the second line, we get for all t ∈ ∆
⋆tΓ1(t) = −i βt ∧ γt ∧ β¯t − i
σ22¯(t)
σ¯12(t)
αt ∧ βt ∧ γ¯t
= −i (β + t21 α¯+ t22 β¯) ∧ (γ + t31 α¯ + t32 β¯ −D(t) γ¯) ∧ (β¯ + t¯21 α + t¯22 β)
− i
σ22¯(t)
σ¯12(t)
(α+ t11 α¯ + t12 β¯) ∧ (β + t21 α¯ + t22 β¯) ∧ (γ¯ + t¯31 α + t¯32 β −D(t) γ).
Thus, the terms of ⋆tΓ1(t) that are linear in the t¯iλ’s are contained in
i t¯21 α ∧ γ¯ ∧ β + i t¯31 β¯ ∧ α ∧ β + i
σ22¯(t)
σ12(t)
α¯ ∧ β¯ ∧ γ.
Deriving at t = 0, we get
∂ ⋆tΓ1(t)
∂t¯21 |t=0
= i α ∧ γ¯ ∧ β + i
∂
∂t¯21
(
σ22¯(t)
σ12(t)
)
|t=0
α¯ ∧ β¯ ∧ γ.
However, although the form α¯ ∧ β¯ ∧ γ is ∂¯0-closed, the form α ∧ γ¯ ∧ β is not (since ∂¯0(α ∧ γ¯ ∧ β) =
−α∧ α¯∧ β ∧ β¯ 6= 0), so the form (∂ ⋆tΓ1(t))/(∂t¯21)|t=0 defines no Dolbeault cohomology class for ∂¯0.
In particular, the C∞ section
∆[γ] ∋ t 7→ [⋆t Γ1(t)]∂¯
of the C∞ vector subbundle ∆[γ] ∋ t 7→ H
1, 2
[γ] (Xt, C) of H
3 −→ ∆[γ] does not remain a section of
this bundle after derivation in the direction t¯21.
We conclude that ∆[γ] ∋ t 7→ H
1, 2
[γ] (Xt, C) is not a holomorphic subbundle of H
3 −→ ∆[γ].
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5 Coordinates on the base ∆[γ] of essential deformations
5.1 Signature of the intersection form on F 2[γ]H
3(X, C)
Let (Xt)t∈∆ be the Kuranishi family of the Iwasawa manifold X = X0. Recall that the Hodge-
Riemann bilinear intersection form Q can always be canonically defined on HnDR(X, C) for any
compact complex n-dimensional manifold X . It is non-degenerate and depends only on the differ-
ential structure of X . When dimCX = 3, Q is alternating and reads
Q : H3DR(X, C)×H
3
DR(X, C) −→ C, ({u}, {v}) 7−→ −
∫
X
u ∧ v 7. (42)
The associated sesquilinear form
H : H3DR(X, C)×H
3
DR(X, C) −→ C, ({u}, {v}) 7−→ −i
∫
X
u ∧ v¯ = i Q({u}, {v¯}) 8 (43)
is non-degenerate.
Also recall that if a Hermitian metric ω has been fixed on an arbitrary compact complex n-
dimensional manifold Y , the corresponding Hodge star operator ⋆ maps ∆-harmonic n-forms to
∆-harmonic n-forms (where ∆ := dd⋆ + d⋆d is the usual d-Laplacian), hence defines in conjunction
with the Hodge isomorphism HnDR(Y, C) ≃ ker(∆ : C
∞
n (Y, C) → C
∞
n (Y, C)) a linear map ⋆ :
HnDR(Y, C) −→ H
n
DR(Y, C) satisfying ⋆
2 = (−1)n. When n = 3, the eigenvalues of the operator ⋆
are −i, i and we get a decomposition
H3DR(X, C) = H
3
+(X, C)⊕H
3
−(X, C), (44)
where H3±(X, C) are the eigenspaces of ⋆ corresponding to the eigenvalues +i, resp. −i.
Suppose now that dimCX = 3. It was shown in [Pop13b, Lemmas 5.1 and 5.2] that for any
Hermitian metric ω on X , H(·, ·) is positive definite on H3+(X, C), negative definite on H
3
−(X, C)
and H3+(X, C) is H-orthogonal to H
3
−(X, C). Moreover,
H3, 0(X, C) ⊂ H3−(X, C). (45)
Similar statements hold in arbitrary dimension n after adjusting for the parity of n.
Finally, recall that any compact complex parallelisable manifold X has a natural inner product
defined on its space C∞p, q(X, C) of smooth differential forms of any bidegree (p, q) (cf. [Nak75, §.4]
for a construction going back to Kodaira). Indeed, if n = dimCX , the hypothesis on X amounts
to the existence of n holomorphic 1-forms ϕ1, . . . , ϕn ∈ C
∞
1, 0(X, C) that are linearly independent at
every point in X . If ξ1, . . . , ξn ∈ H
0(X, T 1, 0X) form the dual basis of holomorphic vector fields,
every form ϕ ∈ C∞0, 1(X, C) can be written uniquely as ϕ =
n∑
λ=1
fλ ϕλ, where the fλ’s are smooth
functions globally defined on X . One defines the L2 inner product on C∞0, 1(X, C) by
〈〈ϕ, ψ〉〉 :=
∫
X
( n∑
λ=1
fλ gλ
)
in
2
ϕ1 ∧ · · · ∧ ϕn ∧ ϕ1 ∧ · · · ∧ ϕn (46)
7In dimension n, the coefficient of the integral is (−1)
n(n−1)
2 .
8For arbitrary n, the coefficient of the integral is (−1)
n(n+1)
2 in.
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for any smooth (0, 1)-forms ϕ =
n∑
λ=1
fλ ϕλ and ψ =
n∑
λ=1
gλ ϕλ. Note that dV := i
n2 ϕ1 ∧ · · · ∧ ϕn ∧
ϕ1∧· · ·∧ϕn > 0 is a C
∞ positive (n, n)-form on X that is used as volume form in (46). This means
that 〈〈ϕ, ψ〉〉 =
∫
X
〈ϕ, ψ〉 dV , where the pointwise inner product 〈ϕ, ψ〉 on (0, 1)-forms is defined by
〈ϕλ, ϕµ〉 = δλµ for all λ, µ.
This induces a pointwise inner product on C∞p, q(X, C) for every p, q.
Now suppose that X is the Iwasawa manifold. Thus, n = 3 and X is complex parallelisable, so
with the notation of §.2 we can choose
ϕ1 = α, ϕ2 = β, ϕ3 = γ and ξ1 = ξα, ξ2 = ξβ, ξ3 = ξγ.
The inner product defined above, induced by the complex parallelisable structure of X , coincides
with the inner product induced by the canonical metric ω0 on X defined in (20).
We can easily check that the (2, 1)-forms α∧γ∧α, α∧γ∧β, β∧γ∧α, β∧γ∧β representing the
Dolbeault cohomology classes that generate H2, 1[γ] (X, C) (cf. (19)) are ∆-harmonic. Indeed, they are
∂¯-closed since they are products of ∂¯-closed forms. They are also ∂-closed (even if γ isn’t), as can
easily be checked. For example, using (12), we get ∂(α∧ γ ∧α) = −α∧ ∂γ ∧α = α∧ (α∧β)∧α = 0
since α ∧ α = 0. Thus, all these forms are d-closed. They are also both ∂⋆-closed and ∂¯⋆-closed as
shown in the next statement (cf. also Lemma 4.7).
Lemma 5.1. The forms α ∧ γ ∧ α, α ∧ γ ∧ β, β ∧ γ ∧ α, β ∧ γ ∧ β are all ∂⋆-closed and ∂¯⋆-closed.
Note furthermore that the forms α ∧ β ∧ α, α ∧ β ∧ β are ∂¯⋆-closed but not ∂⋆-closed.
Proof. The identity ∂⋆(α ∧ γ ∧ α) = 0 is equivalent to
〈〈∂⋆(α ∧ γ ∧ α), u〉〉 = 0, i.e. to 〈〈α ∧ γ ∧ α, ∂u〉〉 = 0 (47)
for every (1, 1)-form u on X . Now, the space C∞1, 1(X, C) of smooth (1, 1)-forms on X is generated
by α ∧ α¯, α ∧ β¯, α ∧ γ¯, β ∧ α¯, β ∧ β¯, β ∧ γ¯, γ ∧ α¯, γ ∧ β¯, γ ∧ γ¯. Since dα = dβ = 0 and ∂¯γ = 0, the
only generators that are not d-closed are those containing γ. For them, since ∂γ = −α ∧ β, we get:
1. if u = γ ∧ α¯, then ∂u = −α ∧ β ∧ α¯, hence 〈〈α ∧ γ ∧ α, ∂u〉〉 = −〈〈α ∧ γ ∧ α, α ∧ β ∧ α¯〉〉 = 0;
2. if u = γ ∧ β¯, then ∂u = −α ∧ β ∧ β¯, hence 〈〈α ∧ γ ∧ α, ∂u〉〉 = −〈〈α ∧ γ ∧ α, α ∧ β ∧ β¯〉〉 = 0;
3. if u = γ ∧ γ¯, then ∂u = −α ∧ β ∧ γ¯, hence 〈〈α ∧ γ ∧ α, ∂u〉〉 = −〈〈α ∧ γ ∧ α, α ∧ β ∧ γ¯〉〉 = 0.
The three inner products above vanish since the forms α, β, γ are ω0-orthonormal. We have thus
proved identity (47). The identities ∂⋆(α ∧ γ ∧ β) = ∂⋆(β ∧ γ ∧ α) = ∂⋆(β ∧ γ ∧ β) = 0 are proved
in the same way: all the resulting inner products involve the pairing of a form containing γ with a
form that does not contain γ, hence they vanish.
This argument does not hold for the forms α ∧ β ∧ α and α ∧ β ∧ β since 〈〈α ∧ β ∧ α, ∂u〉〉 6= 0
when u = γ ∧ α¯ and 〈〈α ∧ β ∧ β, ∂u〉〉 6= 0 when u = γ ∧ β¯.
To prove the identities ∂¯⋆(α∧γ∧α) = ∂¯⋆(α∧γ∧β) = ∂¯⋆(β∧γ∧α) = ∂¯⋆(β∧γ∧β) = 0, we have
to prove that for any form v ∈ {α∧ γ ∧α, α∧ γ ∧ β, β ∧ γ ∧ α, β ∧ γ ∧ β} and any w ∈ C∞2, 0(X, C),
we have 〈〈v, ∂¯w〉〉 = 0. This is obvious since C∞2, 0(X, C) is generated by the ∂¯-closed forms α ∧ β,
α ∧ γ and β ∧ γ. The same argument applies to yield the ∂¯⋆-closedness of the forms α ∧ β ∧ α and
α ∧ β ∧ β.
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We now compute the Hodge star operator ⋆ induced by the pointwise inner product 〈· , ·〉 defined
by the complex parallelisable structure of X on the ∆′′-harmonic representatives of the classes
generating H2, 1[γ] (X, C).
Lemma 5.2. On the Iwasawa manifold X, the following identities hold
⋆(α ∧ γ ∧ α) = −i β ∧ γ ∧ β, ⋆(β ∧ γ ∧ β) = −i α ∧ γ ∧ α,
⋆(α ∧ γ ∧ β) = i α ∧ γ ∧ β, ⋆(β ∧ γ ∧ α) = i β ∧ γ ∧ α,
⋆(α ∧ β ∧ γ) = −iα ∧ β ∧ γ, ⋆(α ∧ β ∧ γ) = i α ∧ β ∧ γ.
Consequently, we get
⋆(α ∧ γ ∧ α+ β ∧ γ ∧ β) = −i (α ∧ γ ∧ α + β ∧ γ ∧ β),
⋆(α ∧ γ ∧ α− β ∧ γ ∧ β) = i (α ∧ γ ∧ α− β ∧ γ ∧ β).
Proof. From the definition of the Hodge star operator we know that
u ∧ ⋆(α ∧ γ ∧ α) = 〈u, α ∧ γ ∧ α〉 dV
for every (2, 1)-form u. Both sides of this identity vanish if u is the product of three forms chosen
from α, β, γ, α, β, γ, except if u = α ∧ γ ∧ α. In this case, we get
(α∧γ∧α)∧⋆(α ∧ γ ∧ α) = 〈α∧γ∧α, α∧γ∧α〉 dV = i α∧α∧ i β∧β∧ i γ∧γ = iα∧γ∧α∧β∧β∧γ
hence ⋆(α ∧ γ ∧ α) must be the form complementary to α∧γ∧α, i.e. iβ∧β∧γ. We get ⋆(α∧γ∧α) =
−i β ∧ γ ∧ β. The remaining identities are proved in a similar way.
We can now infer from these computations the signature of the sesquilinear intersection form H
on F 2[γ]H
3(X, C). It is different from the one in the standard case of compact Ka¨hler Calabi-Yau
3-folds with hp, 0 = 0 for p = 1, 2 (where the signature of H on the standard F 2H3 is (−, +, . . . ,+)
due to all classes in H3 being primitive thanks to the assumption h0, 1 = 0 which implies h3, 2 = 0
by Serre duality). In our non-Ka¨hler case of the Iwasawa manifold, primitivity is meaningless for
classes in H3 while h0, 1 = 2 6= 0. The different signature of H is a key feature of our situation
compared to the standard one.
Corollary 5.3. If X is the Iwasawa threefold, then {α ∧ γ ∧ α + β ∧ γ ∧ β}DR ∈ H
3
−(X, C), while
{α ∧ γ ∧ α− β ∧ γ ∧ β}DR, {α ∧ γ ∧ β}DR, {β ∧ γ ∧ α}DR ∈ H
3
+(X, C).
Hence the signature of H(· , ·) on H2, 1[γ] (X, C) is (−, +, +, +), while the signature of H(· , ·) on
F 2[γ]H
3(X, C) is (−, −, +, +, +).
Proof. We have argued above (cf. Lemma 5.1) that the forms α∧γ∧α+β∧γ∧β, α∧γ∧α−β∧γ∧β,
α ∧ γ ∧ β and β ∧ γ ∧ α are all ∆-harmonic. Since the splitting (44) was defined by the analogous
splitting of the space of ∆-harmonic 3-forms, the first statement follows from Lemma 5.2.
The second statement follows from (45), from the properties of H(· , ·) spelt out above (45) and
from the fact that {[α∧ γ ∧α+ β ∧ γ ∧ β], [α∧ γ ∧α− β ∧ γ ∧ β], [α∧ γ ∧ β], [β ∧ γ ∧α]} is a basis
of H2, 1[γ] (X, C).
27
5.2 Construction of coordinates on ∆[γ]
5.2.1 Abstract construction
Let (Xt)t∈∆ be the Kuranishi family of the Iwasawa manifold X = X0. We know from [Nak75, table
on p. 96] that h3, 0
∂¯
(Xt) = 1 for all t ∈ ∆. This implies that ∆ ∋ t 7→ H
3, 0
∂¯
(Xt, C) is a C
∞ line
bundle by [KS60]. It is even holomorphic and denoted, as usual, by H3, 0. Moreover, since KX0
is trivial, the constancy of h3, 0(Xt) also implies that KXt is trivial for all t ∈ ∆. Let us fix, after
possibly shrinking ∆ about 0, a holomorphic section u = (ut)t∈∆ of the Hodge bundle H
3, 0 (i.e. a
holomorphic family of holomorphic (3, 0)-forms ut on Xt) such that the form ut is non-vanishing on
Xt for every t ∈ ∆.
Put, for simplicity, H3(X, C) := H3DR(X, C), where by X we mean the C
∞ manifold underlying
the fibres Xt. We know from Lemma 4.1 that every space H
3, 0(Xt, C) injects canonically into
H3(X, C), so u can be viewed as a holomorphic function ∆ ∋ t 7−→ ut ∈ H
3(X, C).
Meanwhile, (H3(X, C), Q(· , ·)) is a symplectic vector space (cf. (42)). We shall adapt to
our context the presentation in [Voi96, lemme 3.1] to prove that a well-chosen symplectic basis
{η0, η1, . . . , η4, ν0, ν1, . . . , ν4} (i.e. such that Q(ηj, ηk) = Q(νj , νk) = 0 and Q(ηj , νk) = δjk for all
j, k) of H3(X, C) produces holomorphic coordinates z1, . . . , z4 near 0 on ∆[γ]. We shall choose all
the classes ηj and νk to be real, i.e. ηj = ηj and νk = νk for all j, k. Consider the following
Setup. Let (Xt)t∈∆ be the Kuranishi family of the Iwasawa manifold X = X0 on which we have fixed
a non-vanishing holomorphic section u = (ut)t∈∆ of H
3, 0. Let η0 = η
3, 0
0 +η
2, 1
0 +η
2, 1
0 +η
3, 0
0 ∈ H
3(X, C)
be a real class with η3, 00 ∈ H
3, 0(X0, C), η
2, 1
0 ∈ H
2, 1
[γ] (X0, C) such that
(i)Q(u0, η0) 6= 0 and (ii)H(η
2, 1
0 , η
2, 1
0 ) < 0. (48)
Complete η0 to a symplectic basis {η0, η1, . . . , η4, ν0, ν1, . . . , ν4} of (H
3(X, R), Q(· , ·)). By continu-
ity, we have Q(ut, η0) 6= 0 for all t in a neighbourhood of 0 ∈ ∆, so after replacing ut by u
′
t := ut/
Q(ut, η0) we may assume that
Q(ut, η0) = 1 for all t ∈ ∆ sufficiently close to 0.
We can now state the main result of this subsection.
Proposition 5.4. In the setup described above, the functions
zi(t) := Q(ut, ηi) for t ∈ ∆[γ] and i ∈ {1, . . . , 4} (49)
define holomorphic coordinates on ∆[γ] in a neighbourhood of 0.
Proof. Classes η0 ∈ H
3(X, C) satisfying (48) do exist. Indeed, for every 3-class η0, Q(u0, η0) =
Q(u0, η
0, 3
0 ) for bidegree reasons since u0 is of type (3, 0), so it suffices to choose a class η
0, 3
0 ∈
H0, 3(X0, C) such that Q(u0, η
0, 3
0 ) 6= 0 for (i) to be satisfied. This is possible since u0 6= 0.
Classes η2, 10 ∈ H
2, 1
[γ] (X0, C) satisfying (ii) exist thanks to the signature of H on H
2, 1
[γ] (X0, C) being
(−, +, +, +) (cf. Corollary 5.3). We can then put η0 := η
0, 3
0 +η
2, 1
0 +η
2, 1
0 +η
0, 3
0 to obtain a real class
η0 satisfying (48). Every class η0 ∈ H
3(X, C) automatically satisfies Q(η0, η0) = 0 since Q(η0, η0) =
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Q(η3, 00 , η
0, 3
0 ) + Q(η
2, 1
0 , η
1, 2
0 ) +Q(η
1, 2
0 , η
2, 1
0 ) + Q(η
0, 3
0 , η
3, 0
0 ) while Q(η
3, 0
0 , η
0, 3
0 ) = −Q(η
0, 3
0 , η
3, 0
0 ) and
Q(η2, 10 , η
1, 2
0 ) = −Q(η
1, 2
0 , η
2, 1
0 ) since Q is alternating. So η0 can be completed to a symplectic basis.
We have to prove that the holomorphic map
Φ : ∆[γ] −→ C
4, Φ(t) := (z1(t), . . . , z4(t)),
is a local diffeomorphism at 0. Since Φ is the composition of the maps
∆[γ]
u
−→ H3(X, C)
Qη1,...,η4−→ C4, where Qη1,...,η4(·) :=
(
Q(·, η1), . . . , Q(·, η4)
)
,
its differential map dΦ0 at 0 is the composition of the maps
T 1, 00 ∆[γ]
ρ
−→
≃
H0, 1[γ] (X0, T
1, 0X0)
·yu0−→
≃
H2, 1[γ] (X0, C) →֒ H
3(X, C)
Qη1,...,η4−→ C4,
where ρ is the restriction to ∆[γ] of the Kodaira-Spencer map classifying the infinitesimal deforma-
tions of X0 and the composition of the first three maps is the differential map du0 : T
1, 0
0 ∆[γ] −→
H3(X, C) by [Gri68] and Proposition 4.3. Since T 1, 00 ∆[γ] and C
4 have equal dimensions, it suffices
to prove that dΦ0 is injective.
Reasoning by contradiction, suppose that dΦ0 is not injective. Then, there exists µ ∈ H
2, 1
[γ] (X0, C)
such that Q(µ, η1) = · · · = Q(µ, η4) = 0. Since Q(ut, η0) = 1 for all t ∈ ∆[γ] close to 0,
Q(du0(ξ), η0) = 0 for every ξ ∈ T
1, 0
0 ∆[γ]. Hence Q(µ, η0) = 0 because µ ∈ H
2, 1
[γ] (X0, C) =
(du0)(T
1, 0
0 ∆[γ]). Therefore, Q(µ, η0) = · · · = Q(µ, η4) = 0, so µ ∈ 〈η0, η1, . . . , η4〉 since the ba-
sis {η0, η1, . . . , η4, ν0, ν1, . . . , ν4} is symplectic. This implies that H(µ, µ) = 0 since the subspace
〈η0, η1, . . . , η4〉 ⊂ H
3(X, C) is real and totally Q-isotropic.
On the other hand, H(µ, η0) = 0 because Q(µ, η0) = 0 and η0 = η0. Thus, 0 = H(µ, η0) =
H(µ, η3, 00 )+H(µ, η
2, 1
0 )+H(µ, η
1, 2
0 )+H(µ, η
0, 3
0 ) = H(µ, η
2, 1
0 ), where the last identity holds trivially
for bidegree reasons since µ is of type (2, 1).
Summing up, we have the classes µ, η2,10 ∈ H
2, 1
[γ] (X0, C) with the properties H(µ, µ) = 0 and
H(µ, η2, 10 ) = 0. On the other hand, we know from Corollary 5.3 that the restriction of H to
H2, 1[γ] (X0, C) is non-degenerate of signature (−, +, +, +), i.e. H(· , ·) : H
2, 1
[γ] × H
2, 1
[γ] −→ C is a
Lorentzian sesquilinear form.
Let ρε ∈ H
2, 1
[γ] (X0, C) such that H(ρε, ρε) < 0 for every ε > 0 and ρε → µ as ε→ 0 (i.e. (ρε)ε>0
is an approximation of µ, an element in the lightlike cone of H , by elements ρε in the timelike cone
of H). Let η2, 10, ε → η
2, 1
0 be an approximation of η
2, 1
0 such that H(ρε, η
2, 1
0, ε) = 0 for every ε. Since ρε
is timelike and the signature of H on H2, 1[γ] is (−, +, +, +), the H-orthogonal complement 〈ρε〉
⊥ in
H2, 1[γ] of the line generated by ρε is contained in the subspace {ζ ∈ H
2, 1
[γ] /H(ζ, ζ) ≥ 0}. (This can
be trivially checked by completing ρε/
√
|H(ρε, ρε)| to an orthonormal basis of (H
2, 1
[γ] , H).) Thus,
H(η2, 10, ε , η
2, 1
0, ε) ≥ 0 for every ε > 0, hence for its limit as ε → 0 we get H(η
2, 1
0 , η
2, 1
0 ) ≥ 0. This
contradicts the assumption (ii) of (48). Therefore, dΦ0 must be injective.
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5.2.2 Explicit computations
The construction of §.5.2.1 can be made explicit by choosing
ut = αt ∧ βt ∧ γt,
η3,00 = α ∧ β ∧ γ, η
2,1
0 = i (α ∧ α + β ∧ β) ∧ γ,
η0 = α ∧ β ∧ γ + i (α ∧ α¯ + β ∧ β¯) ∧ (γ + γ¯) + α¯ ∧ β¯ ∧ γ¯,
η1 = α ∧ β ∧ γ + α¯ ∧ β¯ ∧ γ¯, η2 = i(α ∧ α¯− β ∧ β¯) ∧ (γ + γ¯),
η3 = α ∧ β¯ ∧ γ + α¯ ∧ β ∧ γ¯, η4 = α¯ ∧ β ∧ γ + α ∧ β¯ ∧ γ¯.
These forms satisfy condition (48). Indeed, for example, we have
H(η2,10 , η
2,1
0 ) = −
∫
X
(i α ∧ α¯+ i β ∧ β¯)2 ∧ i γ ∧ γ¯ < 0.
The forms αt, βt, γt can be computed in terms of α, β, γ using relations (24) and (25). After recalling
the notation D(t) := t11 t22 − t12 t21, we get the following identities for all t ∈ ∆:
αt = dζ1(t) = dz1 + (t11 α¯ + t12 β¯) = α + t11 α¯+ t12 β¯
βt = dζ2(t) = dz2 + (t21 α¯ + t22 β¯) = β + t21 α¯ + t22 β¯
γt = dζ3(t)− z1 dζ2(t)− (t21 z¯1 + t22 z¯2) dζ1(t)
= [dz3 + t21 dz1 z¯1 + (t31 + t21 z1) dz¯1 + t22 dz1 z¯2 + (t32 + t22 z1) dz¯2 + t11 t21 z¯1 dz¯1 +
+t11 t22 (z¯1 dz¯2 + z¯2 dz¯1) + t12 t22 z¯2 dz¯2 −D(t)dz¯3]
−z1 (β + t21 α¯ + t22 β¯)− (t21 z¯1 + t22 z¯2) (α + t11 α¯ + t12 β¯) (50)
(i)
= (γ + z1 β) + t21 z¯1 α + (t31 + t21 z1) α¯+ t22 z¯2 α + (t32 + t22 z1) β¯ + t11 t21 z¯1α¯
+t11 t22 (z¯1 β¯ + z¯2 α¯) + t12 t22 z¯2 β¯ −D(t)dz¯3
−z1 (β + t21 α¯ + t22 β¯)− (t21 z¯1 + t22 z¯2) (α + t11 α¯ + t12 β¯)
= γ + t31 α¯+ t32 β¯ −D(t)dz¯3 +D(t) z¯1 β¯
= γ + t31 α¯+ t32 β¯ −D(t)γ¯, t ∈ ∆,
where (i) followed from dz3 = γ + z1 β.
Consequently, we get
ut =
(
α + t11 α¯+ t12 β¯
)
∧
(
β + t21 α¯ + t22 β¯
)
∧
(
γ + t31 α¯+ t32 β¯ −D(t)γ¯
)
= α ∧ β ∧ (γ −D(t)γ¯) +D(t)α¯ ∧ β¯ ∧ (γ −D(t)γ¯)
+(t21α ∧ α¯− t12β ∧ β¯) ∧ (γ −D(t)γ¯) + (t22α ∧ β¯ + t11α¯ ∧ β) ∧ (γ −D(t)γ¯)
+α ∧ β ∧ (t31α¯ + t32β¯) + (t21t32 − t31t22)α ∧ α¯ ∧ β¯ + (t11t32 − t12t31)α¯ ∧ β ∧ β¯.
Note that the terms are displayed according to their degree and type on the base B of π : X → B.
The part coming from the base (i.e. the terms on the last line, those containing neither γ nor γ¯)
vanishes on ∆[γ] since t31 = t32 = 0 there.
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We can now compute the resulting coordinates on ∆[γ]. We get for t ∈ ∆[γ]:
Q(ut, η0) = −
∫
X
ut ∧ η0 = −
∫
X
ut ∧
(
α ∧ β ∧ γ + α¯ ∧ β¯ ∧ γ¯ + i(α ∧ α¯ + β ∧ β¯) ∧ (γ + γ¯)
)
=
(
i(1 +D(t)2) + (t21 − t12)(1 +D(t))
) ∫
X
iα ∧ α¯ ∧ iβ ∧ β¯ ∧ iγ ∧ γ¯ = 1,
where the last identity is the normalisation adopted in Proposition 5.4. We also get for t ∈ ∆[γ]:
Q(ut, η1) =
i(1 +D(t)2)
i(1 +D(t)2) + (t21 − t12)(1 +D(t))
, Q(ut, η2) = −
(t12 + t21)(1 +D(t))
i(1 +D(t)2) + (t21 − t12)(1 +D(t))
,
Q(ut, η3) = −i
t11D(t) + t22
i(1 +D(t)2) + (t21 − t12)(1 +D(t))
, Q(ut, η4) = −i
t22D(t) + t11
i(1 +D(t)2) + (t21 − t12)(1 +D(t))
.
5.3 The B-Yukawa coupling
Definition 5.5. Suppose we have fixed a non-vanishing holomorphic (3, 0)-form u on the Iwasawa
manifold X. It identifies with the class [u] ∈ H3, 0
∂¯
(X, C) ≃ H0(X, KX) ≃ C. The Yukawa
coupling associated with u is standardly defined as
Y
(u)
2 : H
0, 1(X0, T
1, 0X0)×H
0, 1(X0, T
1, 0X0)×H
0, 1(X0, T
1, 0X0) −→ C
([θ1], [θ2], [θ3]) 7→
〈
u2, [θ1] · [θ2] · [θ3]
〉
where u2 is viewed as a section u2 ∈ H0(X, K⊗2X ) ≃ H
3, 0(X, KX), the cup product [θ1] · [θ2] · [θ3] ∈
H0, 3(X, Λ3T 1, 0X) = H0, 3(X, K−1X ) and 〈·, ·〉 : H
3, 0(X, KX) × H
0, 3(X, K−1X ) −→ C is the Serre
duality.
We can now use the symplectic basis and the coordinates constructed in Proposition 5.4 to show,
by the same method as in the standard Ka¨hler case ([BG83]), that the Yukawa couplings Y2 on
T 1, 00 ∆[γ] ≃ H
0, 1
[γ] (X0, T
1, 0X0) are defined by a potential.
Proposition 5.6. Let (Xt)t∈∆ be the Kuranishi family of the Iwasawa manifold X = X0 on which
we have fixed a non-vanishing holomorphic section u = (ut)t∈∆ of H
3, 0 normalised by the choice of a
symplectic basis as in Proposition 5.4. Let z1, . . . , z4 be the induced holomorphic coordinates near 0 on
∆[γ] constructed in Proposition 5.4. Then, there exists a C
∞ function F = F (z1, . . . , z4) : ∆[γ] −→ C
such that
Y
(u)
2
(
∂
∂zi
,
∂
∂zj
,
∂
∂zk
)
=
∂3F
∂zi∂zj∂zk
(51)
for all ∂
∂zi
, ∂
∂zj
, ∂
∂zk
∈ T 1, 00 ∆[γ] ≃ H
0, 1
[γ] (X0, T
1, 0X0).
Proof. The arguments are standard (see e.g. [Voi96, §.3.1.2]), but we spell them out for the reader’s
convenience and to show that they adapt to our non-standard situation.
Step 1. For all i ∈ {1, . . . , 4}, put Ψi : ∆[γ] −→ C, Ψi(z1(t), . . . , z4(t)) := Q(ut, νi). Prove that
∂Ψi
∂zj
=
∂Ψj
∂zi
for all i, j ∈ {1, . . . , 4}. (52)
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This is proved by writing ut = a0ν0+
4∑
j=1
ajνj+
4∑
j=1
bjηj+b0η0 and computing the coefficients aj , bj by
using the relationQ(ut, η0) = 1 and the symplectic property of the basis {η0, η1, . . . , η4, ν0, ν1, . . . , ν4}.
We get ut = ν0 +
4∑
j=1
zjνj −
4∑
j=1
Ψjηj −Q(ut, ν0) η0. Taking the derivative ∂/∂zi, we get
∂u
∂zi
= νi −
4∑
j=1
∂Ψj
∂zi
ηj −
∂Q(u, ν0)
∂zi
η0.
From this and the symplectic property of the basis ηj , νk, we infer
Q
(
∂u
∂zi
,
∂u
∂zj
)
= −
∂Ψi
∂zj
+
∂Ψj
∂zi
.
On the other hand, ∂u
∂zi
= ρ( ∂
∂zi
)yu ∈ F 2[γ]H
3(X, C) for all ∂
∂zi
∈ T 1, 00 ∆[γ]
ρ
≃ H0, 1[γ] (X0, T
1, 0X0)
by Griffiths’s transversality [Gri68] (see (35), our version of it), so for bidegree reasons we get:
0 = Q
(
∂u
∂zi
, ∂u
∂zj
)
. This proves (52).
It follows from (52) that there exists a C∞ function F = F (z1, . . . , z4) : ∆[γ] −→ C such that
∂F
∂zi
= Ψi for all i ∈ {1, . . . , 4}.
Step 2. Prove (51) for this choice of F .
By the orthogonality relations (36), we have〈
u,
∂2u
∂zi∂zj
〉
= 0
since ut ∈ H
3, 0(Xt, C) for all t. Applying ∂/∂zk , we get〈
∂u
∂zk
,
∂2u
∂zi∂zj
〉
+
〈
u,
∂3u
∂zi∂zj∂zk
〉
= 0, hence Y
(u)
2
(
∂
∂zi
,
∂
∂zj
,
∂
∂zk
)
= −
〈
∂u
∂zk
,
∂2u
∂zi∂zj
〉
.
On the other hand, from the identities ut = ν0 +
4∑
l=1
zl νl −
4∑
l=1
Ψl ηl −Q(ut, ν0) η0 seen at Step 1, we
compute
〈
∂u
∂zk
,
∂2u
∂zi∂zj
〉
= −
〈
νk −
4∑
l=1
∂Ψl
∂zk
ηl −
∂Q(u, ν0)
∂zk
η0,
4∑
l=1
∂2Ψl
∂zi∂zj
ηl +
∂2Q(u, ν0)
∂zi∂zj
η0
〉
= −
∂2Ψk
∂zi∂zj
= −
∂3F
∂zi∂zj∂zk
.
The last two main identities combined prove (51).
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6 The metric side of the mirror
As usual, we let (Xt)t∈∆[γ] stand for the Kuranishi family of the Iwasawa manifold X = X0.
6.1 Constructing Gauduchon metrics
6.1.1 A smooth family (ωt)t∈∆[γ] of Gauduchon metrics on (Xt)t∈∆[γ]
Recall that (27) provides us with a C∞ family of canonical Hermitian metrics (ωt)t∈∆ on the fibres
(Xt)t∈∆ after possibly shrinking ∆ about 0. Simple calculations enable us to prove the following.
Lemma 6.1. Let (Xt)t∈∆ be the Kuranishi family of the Iwasawa manifold X = X0. Then, for
every t ∈ ∆[γ], the metric ωt = iαt ∧ α¯t + iβt ∧ β¯t + iγt ∧ γ¯t is a Gauduchon metric on Xt, hence
[ω2t ]A defines an element in the Gauduchon cone GXt of Xt.
Proof. Since dimCXt = 3, we have to show that ∂t∂¯tω
2
t = 0 for t ∈ ∆[γ]. For all t ∈ ∆,
ω2t = −2αt ∧ α¯t ∧ βt ∧ β¯t − 2αt ∧ α¯t ∧ γt ∧ γ¯t − 2 βt ∧ β¯t ∧ γt ∧ γ¯t.
It now follows from lemma 6.10 that ∂t∂¯tω
2
t = 0 for all t ∈ ∆[γ].
6.1.2 A smooth family (ω1, 1t )t∈∆[γ] of Gauduchon metrics on X0
We will implicitly construct a smooth family of Aeppli-Gauduchon classes in GX0 naturally induced
by the structure of the family (Xt)t∈∆. Each Hermitian metric ωt = iαt ∧ α¯t + iβt ∧ β¯t + iγt ∧ γ¯t
(proved in Lemma 6.1 to be even a Gauduchon metric on Xt for t ∈ ∆[γ]) can be viewed as a real
2-form on the C∞ manifold X underlying the fibres Xt. As such, ωt has a component of bidegree
(1, 1) w.r.t. the complex structure J0 of X0. We denote it by ω
1, 1
t ∈ C
∞
1, 1(X0, R).
Proposition 6.2. Let (Xt)t∈∆ be the Kuranishi family of the Iwasawa manifold X0. Then, the
J0-(1, 1)-form ω
1, 1
t is a Gauduchon metric on X0 for every t ∈ ∆ sufficiently close to 0. Moreover,
ω1, 10 = ω0 and ω
1, 1
t varies in a C
∞ way with t.
Proof. Recall that ωt = i αt ∧ α¯t + i βt ∧ β¯t + i γt ∧ γ¯t. Hence, using the identities (50), we get
ωt = i (α + t11 α¯+ t12 β¯) ∧ (α¯ + t¯11 α+ t¯12 β) + i (β + t21 α¯ + t22 β¯) ∧ (β¯ + t¯21 α+ t¯22 β)
+ i [γ + t31 α¯ + t32 β¯ −D(t) γ¯] ∧ [γ¯ + t¯31 α + t¯32 β −D(t) γ].
Hence, the J0-type (1, 1)-component of ωt is
ω1, 1t = (1 + c1(t)) iα ∧ α¯ + (1 + c2(t)) iβ ∧ β¯ + (1 + c3(t)) iγ ∧ γ¯ + d(t) iα ∧ β¯ + d(t) iβ ∧ α¯, (53)
where
c1(t) = −(|t11|
2 + |t21|
2 + |t31|
2)
c2(t) = −(|t12|
2 + |t22|
2 + |t32|
2),
c3(t) = −|D(t)|
2 = −|t11 t22 − t12 t21|
2,
d(t) = −(t12 t¯11 + t22 t¯21 + t32 t¯31). (54)
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We see that ω1, 1t varies in a C
∞ way with t and that ω1, 10 = ω0. In particular, since ω > 0, by
continuity we get ω1, 1t > 0 for all t sufficiently close to 0, so (ω
1, 1
t )t∈∆ is a C
∞ family of Hermitian
metrics on X0 after possibly shrinking ∆ about 0.
It remains to show that ∂∂¯(ω1, 1t )
2 = 0, where ∂ = ∂0 and ∂¯ = ∂¯0, i.e. that each ω
1, 1
t is a
Gauduchon metric on X0. Taking squares in (53), we get
(ω1, 1t )
2 = ω20 + 2c1(t)ω0 ∧ i α ∧ α¯ + 2c2(t)ω0 ∧ i β ∧ β¯ + 2c3(t)ω0 ∧ i γ ∧ γ¯
+ 2d(t)ω0 ∧ i α ∧ β¯ + 2d(t)ω0 ∧ i β ∧ α¯
+ 2c1(t) c2(t) i α ∧ α¯ ∧ i β ∧ β¯ + 2c2(t) c3(t) i β ∧ β¯ ∧ i γ ∧ γ¯ + 2c1(t) c3(t) i α ∧ α¯ ∧ i γ ∧ γ¯
+ 2c1(t) d(t) i α ∧ α¯ ∧ i α ∧ β¯ + 2c1(t) d(t) i α ∧ α¯ ∧ i β ∧ α¯
+ 2c2(t) d(t) i β ∧ β¯ ∧ i α ∧ β¯ + 2c2(t) d(t) i β ∧ β¯ ∧ i β ∧ α¯− 2|d(t)|
2 i α ∧ α¯ ∧ i β ∧ β¯
+ 2c3(t) d(t) i α ∧ β¯ ∧ i γ ∧ γ¯ + 2c3(t) d(t) i β ∧ α¯ ∧ i γ ∧ γ¯.
After removing the vanishing terms (that are products containing two equal factors chosen from
α, β, α¯, β¯) and regrouping the remaining ones, we get
(ω1, 1t )
2 = ω20 + 2 [c1(t) + c2(t) + c1(t) c2(t)− |d(t)|
2] i α ∧ α¯ ∧ i β ∧ β¯
+ 2 [c1(t) + c3(t) + c1(t) c3(t)] i α ∧ α¯ ∧ i γ ∧ γ¯ + 2 [c2(t) + c3(t) + c2(t) c3(t)] i β ∧ β¯ ∧ i γ ∧ γ¯
+ 2 d(t) [1 + c3(t)] i α ∧ β¯ ∧ i γ ∧ γ¯ + 2 d(t) [1 + c3(t)] i β ∧ α¯ ∧ i γ ∧ γ¯. (55)
We can now show, using the identities dα = dβ = 0, ∂¯γ = 0 and ∂γ = −α ∧ β (cf. (12)), that
every term on the r.h.s. of (55) is at least ∂∂¯-closed. We have already seen that ∂∂¯ω20 = 0. We get
furthermore
∂¯(i α ∧ α¯ ∧ i β ∧ β¯) = 0 since the forms α, α¯, β, β¯ are all ∂¯-closed,
∂¯(i α ∧ α¯ ∧ i γ ∧ γ¯) = −i α ∧ α¯ ∧ i γ ∧ ∂γ = i α ∧ α¯ ∧ i γ ∧ α¯ ∧ β¯ = 0 since α¯ ∧ α¯ = 0,
∂¯(i β ∧ β¯ ∧ i γ ∧ γ¯) = −i β ∧ β¯ ∧ i γ ∧ ∂γ = i β ∧ β¯ ∧ i γ ∧ α¯ ∧ β¯ = 0 since β¯ ∧ β¯ = 0,
∂¯(i α ∧ β¯ ∧ i γ ∧ γ¯) = −i α ∧ β¯ ∧ i γ ∧ ∂γ = i α ∧ β¯ ∧ i γ ∧ α¯ ∧ β¯ = 0 since β¯ ∧ β¯ = 0,
∂¯(i β ∧ α¯ ∧ i γ ∧ γ¯) = −i β ∧ α¯ ∧ i γ ∧ ∂γ = i β ∧ α¯ ∧ i γ ∧ α¯ ∧ β¯ = 0 since α¯ ∧ α¯ = 0.
We conclude from these identities and from (55) that ∂∂¯(ω1, 1t )
2 = 0, so ω1, 1t is indeed a Gauduchon
metric on X0 for all t ∈ ∆ close to 0.
We now observe that, in a certain sense, there are as “many” Aeppli-Gauduchon classes of the
type [(ω1, 1t )
2]A as elements in the Gauduchon cone GX0 .
Lemma 6.3. For every t ∈ ∆ sufficiently close to 0, the Aeppli-Gauduchon class [(ω1, 1t )
2]A ∈ GX0
satisfies the following identity
1
2
[(ω1, 1t )
2]A = (1 + c1(t))(1 + c3(t)) [i α ∧ α¯ ∧ i γ ∧ γ¯]A + (1 + c2(t))(1 + c3(t)) [i β ∧ β¯ ∧ i γ ∧ γ¯]A
+ d(t)(1 + c3(t)) [i α ∧ β¯ ∧ i γ ∧ γ¯]A + d(t)(1 + c3(t)) [i β ∧ α¯ ∧ i γ ∧ γ¯]A. (56)
Note that since the classes [i α∧ α¯∧ i γ∧ γ¯]A, [i β∧ β¯ ∧ i γ∧ γ¯]A, [i α∧ β¯ ∧ i γ∧ γ¯]A, [i β∧ α¯∧ i γ∧ γ¯]A
generate H2, 2A (X0, C) over C, the real classes [i α ∧ α¯ ∧ i γ ∧ γ¯]A, [i β ∧ β¯ ∧ i γ ∧ γ¯]A, [i α ∧ β¯ ∧ i γ ∧
γ¯ + i β ∧ α¯ ∧ i γ ∧ γ¯]A and
1
2i
([i α ∧ β¯ ∧ i γ ∧ γ¯ − i β ∧ α¯ ∧ i γ ∧ γ¯]A) generate H
2, 2
A (X0, R) over R.
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Proof. Identity (56) follows from (55) after noticing that, since α ∧ β = −∂γ, we have
i α ∧ α¯ ∧ i β ∧ β¯ = ∂γ ∧ ∂¯γ¯ = ∂(γ ∧ ∂¯γ¯) ∈ Im ∂ ⊂ Im ∂ + Im ∂¯,
hence [i α ∧ α¯ ∧ i β ∧ β¯]A = 0.
6.2 Use of the sGG property
Recall that the Iwasawa manifold X0 and all its small deformations Xt are sGG manifolds ([PU14]).
As such, there are canonical surjections
Pt : H
4
DR(X, R)։ H
2, 2
A (Xt, R), {Ω}DR 7→ [Ω
2, 2
t ]A, (57)
where Ω2, 2t is the component of Jt-bidegree (2, 2) of Ω, while X is the C
∞ manifold underlying
the fibres Xt. Moreover, for every fixed Hermitian metric ωt on Xt, there is a lift of Pt naturally
associated with ωt, namely an injection
Qωt : H
2, 2
A (Xt, R) →֒ H
4
DR(X, R), [Ω
2, 2]A 7→ {Ω}DR, (58)
such that Pt ◦ Qωt : H
2, 2
A (Xt, R) −→ H
2, 2
A (Xt, R) is the identity map, defined in the following way
(cf. [PU14, §.5.1). For every class [Ω2, 2]A ∈ H
2, 2
A (Xt, R), let Ω
2, 2
A be the (unique) Aeppli-harmonic
representative of [Ω2, 2]A w.r.t. the Aeppli Laplacian ∆A,ωt associated with the metric ωt.
9 Let Ω3, 1A
be the (unique) minimal L2ωt-norm solution of the ∂¯-equation
∂¯tΩ
3, 1
A = −∂tΩ
2, 2
A . (59)
This equation is solvable thanks to the sGG property of the manifold Xt for all t ∈ ∆ sufficiently
close to 0. Indeed, n-dimensional sGG manifolds are characterised by the fact that every d-closed
∂-exact (n, n − 1)-form is ∂¯-exact ([PU14, Lemma 1.2]). Here n = 3, so ∂tΩ
2, 2
A is ∂¯t-exact. Thus,
Ω3, 1A exists and is given by the Neumann formula Ω
3, 1
A = −∆
′′−1
t ∂¯
⋆
t (∂tΩ
2, 2
A ), where the formal adjoint
∂¯⋆t of ∂¯t and the Laplacian ∆
′′
t = ∂¯t∂¯
⋆
t + ∂¯
⋆
t ∂¯t are computed w.r.t. the L
2 inner product induced by
ωt, while ∆
′′−1
t is the Green operator of ∆
′′
t . Finally, we put
Ω = Ωωt := Ω
3, 1
A + Ω
2, 2
A + Ω
3, 1
A
which is easily seen to be d-closed, to complete the definition (58) of Qωt (cf. [PU14]).
Conclusion 6.4. With every Hermitian metric ωt on a small deformation Xt of the Iwasawa man-
ifold X = X0 there is associated a 4-dimensional real vector subspace of H
4
DR(X, R) as follows
ωt 7→ Qωt(H
2, 2
A (Xt, R)) ⊂ H
4
DR(X, R). (60)
Besides the metric-induced injections Qωt of (58), there are canonical injections as follows.
9See [Sch07] for the definition of the Aeppli Laplacian.
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Lemma 6.5. (a)Let X = X0 be the Iwasawa manifold. There is a canonical linear injection
I0 : H
2, 2
A (X0, C) −→ H
4
DR(X, C). (61)
(b) Let ω = ω0 := iα ∧ α¯ + iβ ∧ β¯ + iγ ∧ γ¯ be the metric on the Iwasawa manifold X = X0
canonically induced by the complex parallelisable structure of X (cf. (27)).
The injection Qω0 : H
2, 2
A (X0, R) →֒ H
4
DR(X, R) of (58) induced by ω0 coincides with the canonical
injection I0 : H
2, 2
A (X0, R) →֒ H
4
DR(X, R) of (61).
Proof. (a) The contention follows from the explicit descriptions(13) and (66) of the cohomology
groups involved. Specifically, I0 is defined by letting
H2, 2A (X0, C) ∋ [Ω
2, 2]A 7→ {Ω
2, 2}DR := I0([Ω
2, 2]A) ∈ H
4
DR(X, C) (62)
for every Ω2, 2 ∈ {α∧γ ∧ α¯∧ γ¯, α∧γ ∧ β¯ ∧ γ¯, β ∧γ ∧ α¯∧ γ¯, β ∧γ ∧ β¯ ∧ γ¯} and extending by linearity.
It is implicit that the forms α∧ γ ∧ α¯∧ γ¯, α∧ γ ∧ β¯ ∧ γ¯, β ∧ γ ∧ α¯∧ γ¯, β ∧ γ ∧ β¯ ∧ γ¯ are all d-closed,
as can be readily checked.
(b) The representatives α∧γ ∧ α¯∧ γ¯, α∧γ ∧ β¯ ∧ γ¯, β ∧γ ∧ α¯∧ γ¯, β ∧γ ∧ β¯ ∧ γ¯ of the four Aeppli
classes generating H2, 2A (X0, C) are all in ker ∂
⋆ ∩ ker ∂¯⋆ when the adjoints ∂⋆ and ∂¯⋆ are computed
w.r.t. ω0. Indeed,
(1) the identity ∂⋆(α ∧ γ ∧ α¯ ∧ γ¯) = 0 is equivalent to 〈〈α ∧ γ ∧ α¯ ∧ γ¯, ∂u〉〉 = 0 for all forms
u ∈ C∞1, 2(X, C). Now, the only generators of C
∞
1, 2(X, C) that are not ∂-closed are γ∧ α¯∧ β¯, γ∧ α¯∧ γ¯
and γ∧ β¯∧ γ¯. When u is one of these forms, we have ∂u = −α∧β∧ α¯∧ β¯, or ∂u = −α∧β∧ α¯∧ γ¯, or
∂u = −α∧β∧ β¯∧ γ¯ and the inner product of any of these forms against α∧γ∧α¯∧ γ¯ vanishes because
they are all part of an ω0-orthonormal basis and the ones do not contain γ while the other does. The
same argument proves the ∂⋆-closedness of the remaining forms α∧γ∧β¯∧γ¯, β∧γ∧α¯∧γ¯, β∧γ∧β¯∧γ¯
since they all contain γ.
(2) the identity ∂¯⋆(α ∧ γ ∧ α¯ ∧ γ¯) = 0 is equivalent to 〈〈α ∧ γ ∧ α¯ ∧ γ¯, ∂¯v〉〉 = 0 for all forms
v ∈ C∞2, 1(X, C). The only generators of C
∞
2, 1(X, C) that are not ∂¯-closed are α∧β ∧ γ¯, α∧γ ∧ γ¯ and
β ∧ γ ∧ γ¯. When v is one of these forms, we have ∂¯v = −α ∧ β ∧ α¯ ∧ β¯, or ∂¯v = −α ∧ γ ∧ α¯ ∧ β¯, or
∂¯v = −β∧γ∧α¯∧ β¯ and the inner product of any of these forms against α∧γ∧α¯∧ γ¯ vanishes because
they are all part of an ω0-orthonormal basis and the ones do not contain γ¯ while the other does. The
same argument proves the ∂¯⋆- closedness of the remaining forms α∧γ∧β¯∧γ¯, β∧γ∧α¯∧γ¯, β∧γ∧β¯∧γ¯
since they all contain γ¯.
Now, the forms α ∧ γ ∧ α¯ ∧ γ¯, α ∧ γ ∧ β¯ ∧ γ¯, β ∧ γ ∧ α¯ ∧ γ¯, β ∧ γ ∧ β¯ ∧ γ¯ are also ∂∂¯-closed (see
lemma 6.10), so they must be Aeppli-harmonic 10 w.r.t. ω0, i.e.
α ∧ γ ∧ α¯ ∧ γ¯, α ∧ γ ∧ β¯ ∧ γ¯, β ∧ γ ∧ α¯ ∧ γ¯, β ∧ γ ∧ β¯ ∧ γ¯ ∈ ker∆A, ω0 = ker(∂∂¯) ∩ ker ∂
⋆
ω0
∩ ker ∂¯⋆ω0 .
Thus, for any class [Ω2, 2]A = c1 [α∧γ∧α¯∧γ¯]A+c2 [α∧γ∧β¯∧γ¯]A+c3 [β∧γ∧α¯∧γ¯]A+c4 [β∧γ∧β¯∧γ¯]A ∈
H2, 2A (X0, R) with coefficients c1, . . . , c4 ∈ R, the Aeppli-harmonic representative w.r.t. ω0 is
Ω2, 2A = c1 α ∧ γ ∧ α¯ ∧ γ¯ + c2 α ∧ γ ∧ β¯ ∧ γ¯ + c3 β ∧ γ ∧ α¯ ∧ γ¯ + c4 β ∧ γ ∧ β¯ ∧ γ¯.
10For the definition of the Aeppli Laplacian ∆A (an elliptic operator of order 4 whose kernel is isomorphic to the
corresponding Aeppli cohomology group) and the description of its kernel used here, see [Sch07].
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Meanwhile, the forms α ∧ γ ∧ α¯ ∧ γ¯, α ∧ γ ∧ β¯ ∧ γ¯, β ∧ γ ∧ α¯ ∧ γ¯, β ∧ γ ∧ β¯ ∧ γ¯ are all d-closed,
hence dΩ2, 2A = 0. Since Ω
2, 2
A is of pure type, this implies that ∂0Ω
2, 2
A = 0. Consequently, the minimal
L2-norm solution Ω3, 1A of equation ∂¯0Ω
3, 1
A = −∂0Ω
2, 2
A (cf. (59)) is the zero form. From (58) and (20)
we get
Qω0([Ω
2, 2]A) = Qω0([Ω
2, 2
A ]A) = {Ω
2, 2
A }DR.
Comparing with (62), we see that Qω0([Ω
2, 2]A) = I0([Ω
2, 2]A).
Corollary 6.6. Let (Xt)t∈∆ be the Kuranishi family of the Iwasawa manifold X = X0. Then
∆ ∋ t 7→ H2, 2A (Xt, C)
is a C∞ vector bundle of rank 4 that we shall denote by H2, 2A . Moreover, H
2, 2
A injects canonically
as a C∞ vector subbundle of the constant bundle H4 → ∆ of fibre H4DR(X, C) in the following way:
for every t ∈ ∆ sufficiently close to 0, we define the canonical linear injection
It : H
2, 2
A (Xt, C) −→ H
4
DR(X, C) by It = Qωt , (63)
the injection (58) induced by the canonical metric ωt = iαt ∧ α¯t + iβt ∧ β¯t + iγt ∧ γ¯t of (27) on Xt.
Proof. Let (γt)t∈∆ be any C
∞ family of Hermitian metrics on the fibres (Xt)t∈∆ and let (∆A, t)t∈∆
be the associated C∞ family of elliptic Aeppli Laplacians inducing Hodge isomorphisms ker∆A, t ≃
H2, 2A (Xt, C) for t ∈ ∆ ([Sch07]). Meanwhile, dimCH
2, 2
A (Xt, C) = 4 for all t ∈ ∆ ([Ang11, §.4.3]).
Since the dimension of the kernel of ∆A, t is independent of t ∈ ∆, we infer by ellipticity from [KS60]
that ∆ ∋ t 7→ ker∆A, t ≃ H
2, 2
A (Xt, C) is a C
∞ vector bundle of rank 4.
The last statement follows from Lemma 6.5 and from the C∞ dependence on t of the injections
It (itself a consequence of the C
∞ dependence on t of each of the forms αt, βt, γt).
Remark 6.7. Note that for t ∈ ∆[γ] \ {0}, It cannot be defined by analogy with definition (62) of I0
since the representatives αt ∧ γt ∧ α¯t ∧ γ¯t, αt ∧ γt ∧ β¯t ∧ γ¯t, βt ∧ γt ∧ α¯t ∧ γ¯t, βt ∧ γt ∧ β¯t ∧ γ¯t of the
classes generating H2, 2A (Xt, C) (cf. (66) ) are not d-closed.
For future reference, we notice the following trivialisation of the vector bundle ∆ ∋ t 7→
H2, 2A (Xt, C). The following definition is meaningful thanks to Lemma 6.10 of the following sub-
section.
Definition 6.8. For every t ∈ ∆, we consider the isomorphism of complex vector spaces
Bt : H
2, 2
A (Xt, C) −→ H
2, 2
A (X0, C) (64)
defined by [αt∧γt∧α¯t∧γ¯t]A 7→ [α∧γ∧α¯∧γ¯]A, [αt∧γt∧β¯t∧γ¯t]A 7→ [α∧γ∧β¯∧γ¯]A, [βt∧γt∧α¯t∧γ¯t]A 7→
[β ∧ γ ∧ α¯ ∧ γ¯]A, [βt ∧ γt ∧ β¯t ∧ γ¯t]A 7→ [β ∧ γ ∧ β¯ ∧ γ¯]A.
Corollary 6.9. With every Aeppli-Gauduchon class of the shape [(ω1, 1t )
2]A ∈ GX0 (for t ∈ ∆) on the
Iwasawa manifold X = X0 there is associated a 4-dimensional real vector subspace of H
4
DR(X, R)
as follows
GX0 ∋ [(ω
1, 1
t )
2]A 7→ H˜
2, 2
t := Qω1, 1t
(
H2, 2A (X0, R)
)
⊂ H4DR(X, R), (65)
where Qω1, 1t
: H2, 2A (X0, R) →֒ H
4
DR(X, R) is the injective linear map of (58) defined by the metric
ω1, 1t on X0.
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6.3 The Hodge bundles H2, 1[γ] ≃ H
2, 2
A and H
4 over ∆[γ]
The following description of the Aeppli cohomology groups of bidegree (2, 2) of the small deforma-
tions Xt with t ∈ ∆ of the Iwasawa manifold X = X0 will be used several times in this section.
Lemma 6.10. For every t ∈ ∆, the forms αt ∧ α¯t ∧ γt ∧ γ¯t, βt ∧ β¯t ∧ γt ∧ γ¯t, αt ∧ β¯t ∧ γt ∧ γ¯t and
βt ∧ α¯t ∧ γt ∧ γ¯t are ∂t∂¯t-closed and
H2, 2A (Xt, C) =
〈
[αt∧γt ∧ α¯t∧ γ¯t]A, [αt∧γt ∧ β¯t∧ γ¯t]A, [βt ∧γt∧ α¯t∧ γ¯t]A, [βt∧γt∧ β¯t∧ γ¯t]A
〉
. (66)
Proof. We spell out the details of the pluriclosedness argument, that is similar for the four forms,
when t ∈ ∆[γ]. It goes
∂t(αt ∧ γt ∧ α¯t ∧ γ¯t) = −αt ∧ ∂tγt ∧ α¯t ∧ γ¯t − αt ∧ γt ∧ α¯t ∧ ∂¯tγt
= −σ12(t)αt ∧ (αt ∧ βt) ∧ α¯t ∧ γ¯t − αt ∧ γt ∧ α¯t ∧ (σ22¯(t) β¯t ∧ βt)
= −σ22¯(t)αt ∧ α¯t ∧ βt ∧ β¯t ∧ γt,
where we used the structure equations (26) to get the second line above. So, ∂t(αt ∧ γt ∧ α¯t ∧ γ¯t) 6=
0 when t 6= 0, but (26) implies that ∂¯tγt comes from a 2-form on Bt, so applying ∂¯t we get
∂¯t∂t(αt ∧ γt ∧ α¯t ∧ γ¯t) = 0.
Now, it was shown in [Ang11, Remark 5.2] that
H1, 1BC(Xt, C) =
〈
[αt ∧ α¯t]BC , [αt ∧ β¯t]BC , [βt ∧ α¯t]BC , [βt ∧ β¯t]BC
〉
, t ∈ ∆.
This implies (66) via the non-degenerate duality H1, 1BC(Xt, C)×H
2, 2
A (Xt, C) −→ C, ([u]BC , [v]A) 7→∫
X
u ∧ v, recalled in (2).
Observation 6.11. (a) On the Iwasawa manifold X0, there is a canonical isomorphism
H2, 1[γ] (X0, C)
≃
−→ H2, 2A (X0, C) (67)
defined by [Γ]∂¯ 7→ [Γ ∧ γ¯]A for Γ ∈ {α ∧ γ ∧ α¯, α ∧ γ ∧ β¯, β ∧ γ ∧ α¯, β ∧ γ ∧ β¯}.
(b) In the Kuranishi family (Xt)t∈∆ of the Iwasawa manifold X0, there is a canonical isomorphism
At : H
2, 1
[γ] (Xt, C)
≃
−→ H2, 2A (Xt, C) for every t ∈ ∆[γ] (68)
defined by [Γ]∂¯ 7→ [Γ∧ γ¯t]A for Γ ∈ {Γ1(t), Γ2(t), Γ3(t), Γ4(t)} (see (28) and (29)). (Note that
At depends anti-holomorphically on t.)
In particular, the rank-four C∞ vector bundles ∆[γ] ∋ t 7→ H
2, 1
[γ] (Xt, C) (of Definition 4.5) and
∆[γ] ∋ t 7→ H
2, 2
A (Xt, C) (of Corollary 6.6) are canonically isomorphic, i.e. H
2, 1
[γ] ≃ H
2, 2
A .
Proof. Part (a) is a special case of part (b). To prove (b), we note that in conjunction with the descrip-
tion of H2, 1[γ] (Xt, C) given at the end of §.4.2 as H
2, 1
[γ] (Xt, C) = 〈[Γ1(t)]∂¯ , [Γ2(t)]∂¯, [Γ3(t)]∂¯, [Γ4(t)]∂¯〉 ⊂
H2, 1
∂¯
(Xt, C) for all t ∈ ∆[γ], (66) proves the isomorphism (68). Indeed, Γ1(t)∧ γ¯t = αt ∧ γt ∧ α¯t ∧ γ¯t,
Γ2(t)∧ γ¯t = αt ∧ γt ∧ β¯t ∧ γ¯t, Γ3(t) ∧ γ¯t = βt ∧ γt ∧ α¯t ∧ γ¯t, Γ4(t)∧ γ¯t = βt ∧ γt ∧ β¯t ∧ γ¯t and all these
forms are ∂∂¯-closed as proved in Lemma 6.10.
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6.4 Bringing the families of metrics (ωt)t∈∆[γ] and (ω
1, 1
t )t∈∆[γ] together
We can now describe a VHS parametrised by Aeppli-Gauduchon classes on X0. It is related to the
VHS of weight 2 induced by the holomorphic family (Bt)t∈∆[γ] of 2-dimensional complex tori. Since
the Bt’s are Ka¨hler, we get a weight-two Hodge decomposition
H2(B, C) ≃ H2, 0(Bt, C)⊕H
1, 1(Bt, C)⊕H
0, 2(Bt, C), t ∈ ∆, (69)
where B stands for the C∞ manifold underlying the complex tori Bt and H
2(B, C) := H2DR(Bt, C)
is the fibre of the constant bundle H2(B) over ∆ defined by the De Rham cohomology of degree 2
of the tori Bt with t ∈ ∆. As usual, we get holomorphic vector bundles
F 1H2(B) :=
(
∆ ∋ t 7→ H2, 0(Bt, C)⊕H
1, 1(Bt, C)
)
⊃ F 2H2(B) :=
(
∆ ∋ t 7→ H2, 0(Bt, C)
)
(70)
that constitute the Hodge filtration associated with the VHS (69). Let D be the Gauss-Manin
connection of the constant bundle H2(B). It satisfies the transversality condition
D[θ]F
2H2(B)t ⊂ F
1H2(B)t, t ∈ ∆[γ], (71)
for all [θ] ∈ T 1, 0t ∆[γ] ≃ H
1, 1(Bt, C) ≃ H
2, 2
A (Xt, C) ≃ H
2, 1
[γ] (Xt, C).
The second isomorphism of vector spaces on the previous line is a consequence of the description
of H1, 1(Bt, C) as
H1, 1(Bt, C) =
〈
[αt ∧ α¯t]∂¯, [αt ∧ β¯t]∂¯, [βt ∧ α¯t]∂¯ , [βt ∧ β¯t]∂¯
〉
≃
〈
[αt ∧ γt ∧ α¯t ∧ γ¯t]A, [αt ∧ γt ∧ β¯t ∧ γ¯t]A, [βt ∧ γt ∧ α¯t ∧ γ¯t]A, [βt ∧ γt ∧ β¯t ∧ γ¯t]A
〉
= H2, 2A (Xt, C) ≃ Qωt(H
2, 2
A (Xt, C)) := H˜
2, 2
ωt ⊂ H
4
DR(X, C), t ∈ ∆[γ], (72)
where the first identity on the last line is (66) and Qωt : H
2, 2
A (Xt, C) →֒ H
4
DR(X, C) is the complex-
ification of the injective linear map of (58) defined by the Gauduchon metric ωt of (27) on Xt (and
also denoted by It in (63)).
On the other hand,
H2, 0(Bt, C) ≃ H
3, 0(Xt, C) →֒ H
3
DR(X, C), t ∈ ∆, (73)
since H2, 0(Bt, C) = 〈[αt ∧ βt]∂¯〉 and H
3, 0(Xt, C) = 〈[αt ∧ βt ∧ γt]∂¯〉, while the C-line H
3, 0(Xt, C)
injects canonically into H3DR(X, C) as observed in Lemma 4.1. We get a canonical injection of
holomorphic vector bundles
j : F 2H2(B) →֒ H3
such that jt : H
2, 0(Bt, C) →֒ H
3(X, C) is the composition of the maps (73) for every t ∈ ∆.
Together with (72), this gives an injection of holomorphic vector bundles
j ⊕Q : F 1H2(B) →֒ H3 ⊕H4
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such that (j ⊕Q)t = jt ⊕Qωt for all t ∈ ∆[γ].
We now anticipate the definition of what will be called later the complexified parameter set:
G˜0 := {[ω
2
0]A−t11 [iβ∧α¯∧iγ∧γ¯]A+t22 [iα∧β¯∧iγ∧γ¯]A−t12 [iβ∧β¯∧iγ∧γ¯]A+t21 [iα∧α¯∧iγ∧γ¯]A | t ∈ ∆[γ]}
⊂ H2, 2A (X0, C).
Recall the identification ∆[γ] = {t = (t11, t12, t21, t22) ∈ H
0, 1
[γ] (X0, T
1, 0X0) ; |t| < ε} for some small
ε > 0 when H0, 1[γ] (X0, T
1, 0X0) is identified with C
4 by the basis specified in (17). The set G˜0 is a
complexification of the parameter set
G0 := {[(ω
1,1
t )
2]A | t ∈ ∆[γ]} ⊂ GX0 . (74)
Thus, G˜0 is a subset of the complexified Gauduchon cone G˜X0 ⊂ H
2, 2
A (X0, C) (cf. Defintion 7.2) of
the Iwasawa manifold X = X0.
Conclusion 6.12. Let (Xt)t∈∆[γ] be the local universal family of essential deformations of the Iwa-
sawa manifold X = X0.
(i) Our discussion so far can be summed up in the following diagram for all t ∈ ∆[γ].
H2, 2A (Xt, C)
≃
−−−→
Bt
H2, 2A (X0, C)
≃
yQωt ≃yQω1, 1t
H4(X, C) ⊃ H2, 2A (Xt, C) ≃ Qωt(H
2, 2
A (Xt, C)) := H˜
2, 2
ωt
≃
−−−→ Qω1, 1t
(H2, 2A (X0, C)) := H˜
2, 2
t ⊂ H
4(X, C),
where the isomorphism H˜2, 2ωt → H˜
2, 2
t is the composition Qω1, 1t
◦Bt ◦Q
−1
ωt .
(ii) Moreover, we get a C∞ vector subbundle of rank 4 of the constant bundle H4:
∆[γ] ≃ G˜0 ∋ t 7→ Qωt(H
2, 2
A (Xt, C)) ⊂ H
4(X, C), (75)
denoted henceforth by H˜2, 2ω , and a holomorphic vector subbundle of rank 1 of the constant bundle
H3(X):
∆[γ] ≃ G˜0 ∋ t 7→ H
2, 0(Bt, C)
jt
→֒ H3(X, C), (76)
denoted henceforth by H2, 0(B) = F ′GH, such that the following complex vector bundle of rank 5,
denoted henceforth by FGH
4 := H2, 0(B)⊕ H˜2, 2ω ,
∆[γ] ≃ G˜0 ∋ t 7→ H
2, 0(Bt, C)⊕Qωt(H
2, 2
A (Xt, C)) ⊂ H
3(X, C)⊕H4(X, C) (77)
is a holomorphic subbundle of the constant bundle H3 ⊕H4 of fibre H3(X, C)⊕H4(X, C) and is
C∞ isomorphic to F 1H2(B).
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(iii) In particular, the vector bundles (76) and (75) define a VHS parametrised by the subset
∆[γ] ≃ G˜0 ⊂ G˜X0 (78)
whose corresponding Hodge filtration FGH
4 ⊃ F ′GH
4 is C∞ isomorphic to the Hodge filtration
F 1H2(B) ⊃ F 2H2(B) associated with the holomorphic family (Bt)t∈∆[γ] of base tori of the family
(Xt)t∈∆[γ].
Only the holomorphic nature of the above vector bundle isomorphisms still needs a proof that is
provided in the next subsection.
6.5 Holomorphicity of the Hodge filtration parametrised by G0
We prove in this subsection that the Hodge filtration
H3 ⊕H4 ⊃ FGH
4 ⊃ F ′GH
4
constructed in the previous subsection (cf. Conclusion 6.12) consists of holomorphic vector sub-
bundles of the constant bundle H3 ⊕H4 of fibre H3(X, C)⊕H4(X, C) over G0.
Our starting point is the following simple observation.
Lemma 6.13. For every t ∈ ∆, there is a canonical linear injection
H3, 1BC(Xt, C) →֒ H
2, 2
A (Xt, C). (79)
Proof. From [Ang14, p. 83] we infer that H3, 1BC(Xt, C) = 〈[αt ∧ βt ∧ γt ∧ α¯t]BC , [αt ∧ βt ∧ γt ∧ β¯t]BC〉
for all t ∈ ∆. Coupled with (66), this allows us to explicitly define the canonical linear injection by
[αt ∧ βt ∧ γt ∧ α¯t]BC 7→ [αt ∧ α¯t ∧ γt ∧ γ¯t]A and [αt ∧ βt ∧ γt ∧ β¯t]BC 7→ [βt ∧ β¯t ∧ γt ∧ γ¯t]A.
The forms αt, βt, γt are canonically associated with the complex structure of Xt, which makes the
above linear injection canonical. 
Since F ′GH = H
2, 0(B) is a holomorphic subbundle of H3(X), we are reduced to proving the
following
Lemma 6.14. The holomorphic structure of the vector bundle FGH
4 := H2, 0(B) ⊕ H˜2, 2ω is the
restriction of the holomorphic structure of the constant bundle H3 ⊕H4.
Proof. We have to show that for any C∞ section s of H˜2, 2ω , the a priori H3(X) ⊕ H4(X)-valued
(0, 1)-form D′′s is actually FGH
4-valued, where D′′ is the canonical (0, 1)-connection of the constant
bundle H3(X)⊕H4(X). Thanks to (66), it suffices to prove that all the anti-holomorphic first-order
derivatives of each of the classes [αt∧γt∧α¯t∧γ¯t]A, [αt∧γt∧β¯t∧γ¯t]A, [βt∧γt∧α¯t∧γ¯t]A, [βt∧γt∧β¯t∧γ¯t]A
lie in FGH
4.
We now study these classes individually. By way of example, we compute derivatives at t = 0.
From (50), we infer that the only terms in
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αt∧γt∧α¯t∧γ¯t = (α+t11 α¯+t12 β¯)∧(γ+t31 α¯+t32 β¯−D(t) γ¯)∧(α¯+t¯11 α+t¯12 β)∧(γ¯+t¯31 α+t¯32 β−D(t) γ)
that are linear in the t¯iλ’s are
t¯12 α ∧ γ ∧ β ∧ γ¯ and t¯32 α ∧ γ ∧ α¯ ∧ β.
So, the non-trivial anti-holomorphic first-order derivatives at t = 0 are
∂(αt ∧ γt ∧ α¯t ∧ γ¯t)
∂t¯12 |t=0
= −α ∧ β ∧ γ ∧ γ¯ and
∂(αt ∧ γt ∧ α¯t ∧ γ¯t)
∂t¯32 |t=0
= α ∧ β ∧ γ ∧ α¯. (80)
Note that α∧β∧γ∧ γ¯ is not d-closed, so it defines no class in H3, 1BC(X0, C). However, α∧β∧γ∧ γ¯ is
the image under the multiplication by γ∧ γ¯ of α∧β whose Dolbeault cohomology class [α∧β] is the
(unique up to a multiplicative constant) generator ofH2, 0(B0, C). Meanwhile, α∧β∧γ∧α¯ is d-closed
and its Bott-Chern cohomology class is one of the generators of H3, 1BC(X0, C) (cf. proof of Lemma
6.13) which injects canonically intoH2, 2A (X0, C) by Lemma 6.13. Under this injection, [α∧β∧γ∧α¯]BC
identifies with its image [α ∧ α¯ ∧ γ ∧ γ¯]A in H
2, 2
A (X0, C), which in turn identifies with its image in
H˜2, 2ω0 = Qω0(H
2, 2
A (X0, C)) under the canonical injection Qω0 = I0 : H
2, 2
A (X0, C) →֒ H
4(X, C) of
Lemma 6.5.
The upshot is that after all these identifications, we have
∂ [αt ∧ γt ∧ α¯t ∧ γ¯t]A
∂t¯iλ |t=0
∈ (FGH
4)0 = H
2, 0(B0, C)⊕ H˜
2, 2
ω0
for all indices i, λ.
Similarly, for the remaining 3 generators of H2, 2A (Xt, C), we get from (89) that the only terms
linear in the t¯iλ’s in αt ∧ γt ∧ β¯t ∧ γ¯t are t¯22 α∧ γ ∧ β ∧ γ¯ and t¯32 α∧ γ ∧ β¯ ∧ β; in βt ∧ γt ∧ α¯t ∧ γ¯t are
t¯11 β ∧γ ∧α∧ γ¯ and t¯31 β ∧γ ∧ α¯∧α; and in βt∧γt∧ β¯t∧ γ¯t are t¯21 β ∧γ ∧α∧ γ¯ and t¯31 β ∧γ ∧ β¯ ∧α.
Thus, the only non-zero anti-holomorphic first-order derivatives at t = 0 of these terms are
±α ∧ β ∧ γ ∧ γ¯, ±α ∧ β ∧ γ ∧ α¯ and ± α ∧ β ∧ γ ∧ β¯.
Note that the only new quantity compared to (80) is α ∧ β ∧ γ ∧ β¯. It has the same properties as
α ∧ β ∧ γ ∧ α¯, i.e. it is d-closed and its Bott-Chern cohomology class is a generator of H3, 1BC(X0, C)
(cf. proof of Lemma 6.13). This vector space injects canonically into H2, 2A (X0, C) by Lemma 6.13.
So the above argument applies again and yields
∂ [αt ∧ γt ∧ β¯t ∧ γ¯t]A
∂t¯iλ |t=0
,
∂ [βt ∧ γt ∧ α¯t ∧ γ¯t]A
∂t¯iλ |t=0
,
∂ [βt ∧ γt ∧ β¯t ∧ γ¯t]A
∂t¯iλ |t=0
∈ (FGH
4)0
for all indices i, λ.

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6.6 Construction of coordinates on the Gauduchon cone
Recall the isomorphisms
H1, 1(B0, C)=
〈
[α ∧ α¯]∂¯ , [α ∧ β¯]∂¯ , [β ∧ α¯]∂¯, [β ∧ β¯]∂¯
〉
≃
y·∧γ
H2, 1[γ] (X0, C)=
〈
[α ∧ γ ∧ α¯]∂¯, [α ∧ γ ∧ β¯]∂¯ , [β ∧ γ ∧ α¯]∂¯, [β ∧ γ ∧ β¯]∂¯
〉
≃
y·∧γ¯
H2, 2A (X0, C)=
〈
[α ∧ γ ∧ α¯ ∧ γ¯]A, [α ∧ γ ∧ β¯ ∧ γ¯]A, [β ∧ γ ∧ α¯ ∧ γ¯]A, [β ∧ γ ∧ β¯ ∧ γ¯]A
〉
.
On the other hand, on the vector space
H3, 0(Xt, C)⊕H
2, 1
[γ] (Xt, C) ≃ H
2, 0(Bt, C)⊕H
1, 1(Bt, C), t ∈ ∆,
we have two sesquilinear intersection forms (the first of which was considered in (43)). The first one
is obtained by restriction from H3DR(X, C) × H
3
DR(X, C) (where X is the differentiable manifold
underlying the Xt’s) when H
3, 0(Xt, C)⊕H
2, 1
[γ] (Xt, C) is viewed as a vector subspace of H
3
DR(X, C):
H :
(
H3, 0(Xt, C)⊕H
2, 1
[γ] (Xt, C)
)
×
(
H3, 0(Xt, C)⊕H
2, 1
[γ] (Xt, C)
)
−→ C,
({u}, {v}) 7→ −i
∫
X
u ∧ v¯.
Its signature is (−, −, +, +, +) (cf. Corollary 5.3).
The second sesquilinear intersection form is obtained by restriction from H2DR(B, C) (where B is
the differentiable manifold underlying the tori Bt) when H
2, 0(Bt, C) ⊕ H
1, 1(Bt, C) is viewed as a
vector subspace of H2DR(B, C):
HB :
(
H2, 0(Bt, C)⊕H
1, 1(Bt, C)
)
×
(
H2, 0(Bt, C)⊕H
1, 1(Bt, C)
)
−→ C,
({ξ}, {ζ}) 7→
∫
B
ξ ∧ ζ¯ . (81)
Indeed, the coefficient of the integral
∫
B
ξ ∧ ζ¯ in the defintion of the sesquilinear intersection form
in degree n on an n-dimensional compact complex manifold is (−1)
n(n+1)
2 in, so in the case of HB,
where n = dimCBt = 2, this coefficient equals 1.
In particular, on the vector space
H2, 0(B0, C)⊕H
1, 1(B0, C)
·∧γ
≃ H3, 0(X0, C)⊕H
2, 1
[γ] (X0, C), (82)
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the two sesquilinear intersection forms are given by
HB({u}, {v}) =
∫
B
u ∧ v¯ and H({u ∧ γ}, {v ∧ γ}) = −
∫
B
(u ∧ v¯) ∧ (iγ ∧ γ¯).
Proposition 6.15. The signature of the sesquilinear intersection form HB defined in (81) is
(+, +, −, −, −).
Specifically, for any Hermitian metric ρt on Bt, H
2, 0(Bt, C) ⊂ H
2
+(Bt, C), while HB has signa-
ture (+, −, −, −) on H1, 1(Bt, C).
Proof. Every class in H2, 0(Bt, C) has a unique representative which, for bidegree reasons, is a
primitive (2, 0)-form w.r.t. any Hermitian metric we equip Bt with. On the other hand, a well-
known formula (cf. e.g. [Voi02, Proposition 6.29, p. 150]) asserts that for any primitive (p, q)-form
v w.r.t. any Hermitian metric ω on a complex manifold of dimension n, we have
⋆ v = (−1)k(k+1)/2 ip−q
ωn−p−q ∧ v
(n− p− q)!
, where k := p+ q.
When p+ q = n and (p, q) = (2, 0), we get ⋆ v = v. Therefore, H2, 0(Bt, C) ⊂ H
2
+(Bt, C).
Now, recall that H1, 1(Bt, C) is generated by the classes [αt∧ α¯t]∂¯, [αt∧ β¯t]∂¯ , [βt∧ α¯t]∂¯, [βt∧ β¯t]∂¯.
Let us equip Bt with the Hermitian metric
ρt := iαt ∧ α¯t + iβt ∧ β¯t, t ∈ ∆.
The associated volume form is dVρt = ρ
2
t/2! = iαt ∧ α¯t ∧ iβt ∧ β¯t. Denoting by ⋆ = ⋆ρt the Hodge
star operator induced by ρt, we can check as in Lemma 5.2 that the following identities hold
⋆ (iαt ∧ α¯t) = iβt ∧ β¯t, ⋆ (iβt ∧ β¯t) = iαt ∧ α¯t,
⋆ (iαt ∧ β¯t) = −iαt ∧ β¯t, ⋆ (iβt ∧ α¯t) = −iβt ∧ α¯t (83)
for every t ∈ ∆.
Indeed, from the definition of the Hodge star operator, we know that
u ∧ ⋆ (iαt ∧ α¯t) = 〈u, iαt ∧ α¯t〉 dVρt.
When u is the product of a form chosen from αt, βt and a form chosen from α¯t, β¯t, the two sides of
this identity are non-zero only when u = iαt ∧ α¯t. In this case, we get
(iαt ∧ α¯t) ∧ ⋆ (iαt ∧ α¯t) = iαt ∧ α¯t ∧ iβt ∧ β¯t,
so ⋆ (iαt ∧ α¯t) must be the form complementary to iαt ∧ α¯t. We get ⋆ (iαt ∧ α¯t) = iβt ∧ β¯t. The
remaining identities in (83) are proved in an analogous way.
The last two identities in (83) show that iαt∧β¯t and iβt∧α¯t are eigenvectors of ⋆ corresponding to
the eigenvalue −1, so they represent classes lying in H2−(Bt, C). Meanwhile, the first two identities
in (83) can be re-written as
⋆ (iαt ∧ α¯t + iβt ∧ β¯t) = iαt ∧ α¯t + iβt ∧ β¯t and ⋆ (iαt ∧ α¯t − iβt ∧ β¯t) = −(iαt ∧ α¯t − iβt ∧ β¯t).
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Therefore, iαt ∧ α¯t + iβt ∧ β¯t represents a class lying in H
2
+(Bt, C) and iαt ∧ α¯t − iβt ∧ β¯t represents
a class lying in H2−(Bt, C). 
A consequence of these considerations is that Proposition 5.4 can now be used to construct
coordinates on the complexification G˜0 ⊂ G˜X0 of the parameter set G0 = {[(ω
1, 1
t )
2]A | t ∈ ∆[γ]} ⊂ GX0
using the symplectic vector space (H2(B, C), QB(· , ·)) equipped with the bilinear intersection form
QB : H
2(B, C)×H2(B, C)→ C defined by QB({u}, {v}) := −
∫
B
u ∧ v. Consider the following
Setup. Let (Xt)t∈∆ be the Kuranishi family of the Iwasawa manifold X = X0 and let (Bt)t∈∆ be
the associated family of 2-dimensional Albanese tori. Let v = (vt)t∈∆[γ] be a holomorphic section of
the vector bundle ∆[γ] ∋ t 7→ H
2, 0(Bt, C) such that each (2, 0)-form vt is non-vanishing on Bt. (We
may choose vt := αt ∧ βt.)
Let η0 = η
3, 0
0 + η
2, 1
0 + η
2, 1
0 + η
3, 0
0 ∈ H
3(X, R) be a real class with η3, 00 ∈ H
3, 0(X0, C), η
2, 1
0 ∈
H2, 1[γ] (X0, C) satisfying conditions (48) of Proposition 5.4. Thanks to isomorphism (82), there exist
unique classes
η2, 00, B ∈ H
2, 0(B0, C) and η
1, 1
0, B ∈ H
1, 1(B0, C)
such that η3, 00 = η
2, 0
0, B ∧ γ and η
2, 1
0 = η
1, 1
0, B ∧ γ. Put
η0, B := η
2, 0
0, B +
η1, 10, B + η
1, 1
0, B
2
+ η2, 00, B ∈ H
2(B0, R).
Complete η0, B to a symplectic basis {η0, B, η1, B, . . . , η4, B, ν0, B, ν1, B, . . . , ν4, B} of (H
2(B0, R), QB(· , ·)).
Normalise such that
QB(vt, η0, B) = 1 for all t ∈ ∆ sufficiently close to 0.
We can now state the result we have been aiming at.
Proposition 6.16. In the setup described above, the functions
wi(t) := QB(vt, ηi, B) for t ∈ ∆[γ] and i ∈ {1, . . . , 4}
define holomorphic coordinates on ∆[γ] in a neighbourhood of 0 and implicitly on the complexified
parameter set G˜0, the complexification of
G0 =
{
[(ω1, 1t )
2]A
∣∣∣∣ t ∈ ∆[γ]
}
⊂ GX0 ,
in a neighbourhood of [ω20]A.
Proof. It runs along the lines of the proof of Proposition 5.4. 
45
7 The mirror map
We can now associate with every small deformation Xt of X0 an element in the Gauduchon cone of
X0 in which the canonical class [ω
2
0]A = [(ω
1, 1
0 )
2]A is a marked point.
Definition 7.1. Let (Xt)t∈∆ be the Kuranishi family of the Iwasawa manifold X = X0 and let
(ω1, 1t )t∈∆[γ] be the smooth family of canonical Gauduchon metrics on X0 constructed in Proposition
6.2. For every t ∈ ∆[γ], let [(ω
1, 1
t )
2]A ∈ GX0 = GX be the associated Aeppli cohomology class.
We define the positive mirror map of X = X0 by
M : ∆[γ] −→ GX , t 7→ [(ω
1, 1
t )
2]A, (84)
where GX is the Gauduchon cone of X = X0 (i.e. the open subset of H
2, 2
A (X, R) consisting of
real positive classes). Thus, the parameter subset of the Gauduchon cone of X defined in (74) is
G0 =M(∆[γ]).
From (54) and from Lemma 6.3 we get the following formula for the positive mirror map after
recalling that t3, 1 = t3, 2 = 0 when t ∈ ∆[γ]:
M(t) = 2
(
1− |t11|
2 − |t21|
2
)(
1− |t11 t22 − t12 t21|
2
)[
i α ∧ α¯ ∧ i γ ∧ γ¯
]
A
+ 2
(
1− |t12|
2 − |t22|
2
)(
1− |t11 t22 − t12 t21|
2
)[
i β ∧ β¯ ∧ i γ ∧ γ¯
]
A
− 2
(
t12 t¯11 + t22 t¯21
)(
1− |t11 t22 − t12 t21|
2
)[
i α ∧ β¯ ∧ i γ ∧ γ¯
]
A
− 2
(
t11 t¯12 + t21 t¯22
)(
1− |t11 t22 − t12 t21|
2
)[
i β ∧ α¯ ∧ i γ ∧ γ¯
]
A
, t ∈ ∆[γ]. (85)
Alternatively, formula (55) yields for every t ∈ ∆[γ]
M(t) = [ω20]A
+ 2
(
c1(t) + c3(t) + c1(t) c3(t)
)[
i α ∧ α¯ ∧ i γ ∧ γ¯
]
A
+ 2
(
c2(t) + c3(t) + c2(t) c3(t)
)[
i β ∧ β¯ ∧ i γ ∧ γ¯
]
A
+ 2 d(t)
(
1 + c3(t)
)[
i α ∧ β¯ ∧ i γ ∧ γ¯
]
A
+ 2 d(t)
(
1 + c3(t)
)[
i β ∧ α¯ ∧ i γ ∧ γ¯
]
A
, (86)
where cj(t) and d(t) are defined by (54) with t3, 1 = t3, 2 = 0 when t ∈ ∆[γ].
Since ∆[γ] is an open subset in a vector space of complex dimension 4 (see Definition 3.2) while
GX is an open subset in a vector space of real dimension 4, we rebalance the two sides of (84) by
complexifying the latter set.
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Definition 7.2. Let X = X0 be the Iwasawa manifold.
(i) We know from (66) that H2, 2A (X0, C) injects canonically (and C-linearly) into H
4
DR(X, C).
Similarly, H2, 2A (X0, R) injects canonically (and R-linearly) into H
4
DR(X, R). On the other hand, we
know that the image of H4(X, Z) in H4DR(X, R) under the natural map H
4(X, Z) →֒ H4DR(X, R) is
a lattice. We put
H2, 2A (X0, Z) := H
2, 2
A (X0, R) ∩H
4(X, Z) ⊂ H2, 2A (X0, R).
Thus H2, 2A (X0, Z) is a lattice in H
2, 2
A (X0, R).
(ii) We define the complexified Gauduchon cone of the Iwasawa manifold X = X0 by
G˜X0 := GX0 ⊕H
2, 2
A (X0, R)/2πiH
2,2
A (X0, Z).
(iii) We define the mirror map M˜ : ∆[γ] −→ G˜X0 of X = X0 by
M˜(t) = [ω20]A − t11 [i β ∧ α¯ ∧ i γ ∧ γ¯]A + t22 [i α ∧ β¯ ∧ i γ ∧ γ¯]A
− t12 [i β ∧ β¯ ∧ i γ ∧ γ¯]A + t21 [i α ∧ α¯ ∧ i γ ∧ γ¯]A.
Thus, the positive mirror map M is a kind of “squared absolute value” of M˜.
(iv) We define the complexified parameter set by G˜0 := M˜(∆[γ]). It contains the marked
point [ω20]A of the Gauduchon cone GX .
Thus, if the radius of ∆[γ] as an open ball about the origin in H
0, 1(X, T 1, 0X ) is small enough, M˜
defines a biholomorphism between ∆[γ] and the open subset G˜0 ⊂ G˜X ⊂ H
2, 2
A (X0, C).
Our discussion can be summed up as follows.
Theorem 7.3. The mirror map M˜ : ∆[γ] −→ G˜X of the Iwasawa manifold X = X0 enjoys the
following properties.
(i) M˜ is holomorphic and defines a biholomorphism onto its image if the radius of ∆[γ] as an
open ball in H0, 1(X0, T
1, 0X0) is small enough;
(ii) M˜(0) = [ω20]A ∈ GX , where ω0 is the Gauduchon metric on X canonically induced by the
complex parallelisable structure of X (cf. (27));
(iii) The composition of the canonical isomorphism At observed in (68) with Bt defined in (64)
and with the Kodaira-Spencer and the Calabi-Yau isomorphisms is the following canonical isomor-
phism
T 1, 0t ∆[γ] ≃ H
2, 1
[γ] (Xt, C)
≃
−→
At
H2, 2A (Xt, C)
≃
−→
Bt
H2, 2A (X0, C) = T
1, 0
M˜(t)
G˜X , [Γ]∂¯ 7→ [Γ ∧ γ¯t]A = At([Γ]∂¯),
that coincides at t = 0 with the differential map dM˜0 of M˜ and depends anti-holomorphically on t;
(iv) On the metric side of the mirror, there is a variation of Hodge structures (VHS)
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H3 ⊕H4 ⊃ FGH
4 = H2, 0(B)⊕ H˜2, 2ω ⊃ F
′
GH
4 = H2, 0(B)
parametrised by G˜0 = M˜(∆[γ]) ≃ ∆[γ] whose 4-dimensional fibre over any point M˜(t) ∈ G˜0 is the
vector subspace H˜2, 2ωt := Qωt(H
2, 2
A (Xt, C)) ⊂ H
4(X, C) defined in Conclusion 6.12. Moreover, there
exists a C∞ isomorphism of VHS between this VHS and the VHS
H3 ⊃ F 2H3[γ] ⊃ F
3H3
parametrised by ∆[γ] and defined on the complex-structure side of the mirror in Theorem 4.10.
This isomorphism is holomorphic between the 1-dimensional parts H2, 0(B), resp. F 3H3 (it is
the multiplication by γt), while the isomorphism between the rank-4 vector bundles H
2, 1
[γ] and H
2, 2
A
(defining, up to identifications, the 4-dimensional parts of these VHS’s) is anti-holomorphic (given
by the At’s, the multiplication by γ¯t).
Moreover, each of the two Hodge filtrations F 2H3[γ] ⊃ F
3H3 and FGH
4 ⊃ F ′GH
4 is C∞ isomorphic
to the Hodge filtration F 1H2(B) ⊃ F 2H2(B) associated with the family (Bt)t∈∆[γ] of Albanese tori of
the small essential deformations (Xt)t∈∆[γ] of the Iwasawa manifold X = X0.
(v) There is a bijection(
z1(t), z2(t), z3(t), z4(t)
)
7→
(
w1(t), w2(t), w3(t), w4(t)
)
, t ∈ ∆[γ] (87)
depending holomorphically on t between the holomorphic coordinates defined in Proposition 5.4
on ∆[γ] in a neighbourhood of 0 and the holomorphic coordinates defined in Proposition 6.16 on
{[(ω1, 1t )
2]A / t ∈ ∆[γ]} ⊂ GX0 in a neighbourhood of [ω
2
0]A.
Proof. (i) and (ii) follow from the construction. To prove (iii), we start by recalling that with the
notation α1 := α, α2 := β, ξ1 := ξα, ξ2 := ξβ, ξ3 := ξγ, the space H
0, 1(X, T 1, 0X) consists of the
objects ∑
i=1,2,3
λ=1,2
tiλ ξi ⊗ α¯λ
where the tiλ define holomorphic coordinates on ∆. Also recall that t31 = t32 = 0 on ∆[γ]. Thus,
the holomorphic tangent space to ∆[γ] at 0 is generated by ∂/∂t11, ∂/∂t12, ∂/∂t21, ∂/∂t22 and the
images of these vector fields under the composition of the Kodaira-Spencer map ρ with the Calabi-
Yau isomorphism TΩ (= ·y(α ∧ β ∧ γ))
T 1, 00 ∆[γ]
ρ
−→
≃
H0, 1[γ] (X, T
1, 0X)
TΩ−→
≃
H2, 1[γ] (X, C)
(cf. (15)) are spelt out as follows
∂
∂t11
7→ [ξ1 ⊗ α¯1 = ξα ⊗ α¯] 7→ −[β ∧ γ ∧ α¯]∂¯,
∂
∂t12
7→ [ξ1 ⊗ α¯2 = ξα ⊗ β¯] 7→ −[β ∧ γ ∧ β¯]∂¯,
∂
∂t21
7→ [ξ2 ⊗ α¯1 = ξβ ⊗ α¯] 7→ [α ∧ γ ∧ α¯]∂¯ ,
∂
∂t22
7→ [ξ2 ⊗ α¯2 = ξβ ⊗ β¯] 7→ [α ∧ γ ∧ β¯]∂¯ . (88)
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We get
dM˜
(
∂
∂t11
)
=
∂M˜
∂t11
= −[i β ∧ α¯ ∧ i γ ∧ γ¯]A = A0(−[β ∧ γ ∧ α¯]∂¯) ≃ A0
(
∂
∂t11
)
,
dM˜
(
∂
∂t22
)
=
∂M˜
∂t22
= [i α ∧ β¯ ∧ i γ ∧ γ¯]A = A0([α ∧ γ ∧ β¯]∂¯) ≃ A0
(
∂
∂t22
)
,
dM˜
(
∂
∂t12
)
=
∂M˜
∂t12
= − [i β ∧ β¯ ∧ i γ ∧ γ¯]A = A0(−[β ∧ γ ∧ β¯]∂¯) ≃ A0
(
∂
∂t12
)
,
dM˜
(
∂
∂t21
)
=
∂M˜
∂t21
= [i α ∧ α¯ ∧ i γ ∧ γ¯]A = A0([α ∧ γ ∧ α¯]∂¯) ≃ A0
(
∂
∂t21
)
,
where ≃ stands for the identifications under (88).
We conclude that dM˜0 = A0, so part (iii) is proved at t = 0.
(iv) is contained in Theorem 4.10, Corollary 4.11 and Conclusion 6.12.
(v) is contained in Propositions 5.4 and 6.16.
8 Appendix
We spell out the details of the computations of the first-order anti-holomorphic partial derivatives
of the forms Γj(t) defined in (28) for j ∈ {1, 2, 3, 4}.
Recall the following identities proved in (50):
αt = α + t11 α¯ + t12 β¯, βt = β + t21 α¯ + t22 β¯, γt = γ + t31 α¯+ t32 β¯ −D(t) γ¯.
So we get
Γ1(t) = (α + t11 α¯ + t12 β¯) ∧ (γ + t31 α¯ + t32 β¯ −D(t) γ¯) ∧ (α¯+ t¯11 α + t¯12 β)
−
σ22¯(t)
σ¯12(t)
(α + t11 α¯ + t12 β¯) ∧ (β + t21 α¯ + t22 β¯) ∧ (γ¯ + t¯31 α+ t¯32 β −D(t) γ)
= −
[
α ∧ α¯ + t¯12 α ∧ β − |t11|
2 α ∧ α¯+ t11 t¯12 α¯ ∧ β − t12 α¯ ∧ β¯ − t12 t¯11 α ∧ β¯ − |t12|
2 β ∧ β¯
]
∧(γ + t31 α¯ + t32 β¯ −D(t) γ¯)
−
σ22¯(t)
σ¯12(t)
[
α ∧ β + t21 α ∧ α¯ + t22 α ∧ β¯ + t11 α¯ ∧ β + t11 t22 α¯ ∧ β¯ − t12 β ∧ β¯ − t12 t21 α¯ ∧ β¯
]
∧(γ¯ + t¯31 α + t¯32 β −D(t) γ).
After expanding and grouping the terms, we get
Lemma 8.1. For every t ∈ ∆[γ], the Jt-(2, 1)-form Γ1(t) of (28) is explicitly given by the following
formula in terms of a basis of 3-forms generated by α, β, γ and their conjugates:
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Γ1(t) = −t¯12 α ∧ β ∧ γ
− D(t)
(
t12 +
σ22¯(t)
σ¯12(t)
)
α¯ ∧ β¯ ∧ γ¯ −
(
1− |t11|
2 −
σ22¯(t)
σ¯12(t)
t21D(t)
)
α ∧ α¯ ∧ γ
−
[
t32 (1− |t11|
2) + t12 t¯11 t31 −
σ22¯(t)
σ¯12(t)
D(t) t¯31
]
α ∧ α¯ ∧ β¯
−
[
t¯12 t31 −
σ22¯(t)
σ¯12(t)
(t21 t¯32 + t11 t¯31)
]
α ∧ β ∧ α¯−
[
(|t11|
2 − 1)D(t) +
σ22¯(t)
σ¯12(t)
t21
]
α ∧ α¯ ∧ γ¯
−
[
t¯12 t32 −
σ22¯(t)
σ¯12(t)
(t22 t¯32 + t12 t¯31)
]
α ∧ β ∧ β¯ +
[
t¯12D(t)−
σ22¯(t)
σ¯12(t)
]
α ∧ β ∧ γ¯
−
[
t11 t¯12 −
σ22¯(t)
σ¯12(t)
t11D(t)
]
α¯ ∧ β ∧ γ −
[
t11 t¯12 t32 − |t12|
2 t31 −
σ22¯(t)
σ¯12(t)
D(t) t¯32
]
α¯ ∧ β ∧ β¯
+
[
D(t) t11 t¯12 −
σ22¯(t)
σ¯12(t)
t11
]
α¯ ∧ β ∧ γ¯ +
[
t12 +
σ22¯(t)
σ¯12(t)
|D(t)|2
]
α¯ ∧ β¯ ∧ γ
+
[
t12 t¯11 +
σ22¯(t)
σ¯12(t)
t22D(t)
]
α ∧ β¯ ∧ γ +
σ22¯(t)
σ¯12(t)
D(t)α ∧ β ∧ γ +
[
t12 t¯11D(t) +
σ22¯(t)
σ¯12(t)
t22
]
α ∧ β¯ ∧ γ¯
+
[
|t12|
2 −
σ22¯(t)
σ¯12(t)
t12D(t)
]
β ∧ β¯ ∧ γ −
[
|t12|
2D(t)−
σ22¯(t)
σ¯12(t)
t12
]
β ∧ β¯ ∧ γ¯.
Analogous formulae hold for the Jt-(2, 1)-forms Γ2(t), Γ3(t), Γ4(t) of (28). Each formula contains
on the r.h.s. a single term featuring an isolated anti-holomorphic factor t¯iλ (i.e. an anti-holomorphic
factor t¯iλ that is not multiplied by any other tjµ or t¯jµ). These terms are, respectively,
−t¯22 α ∧ β ∧ γ, t¯11 α ∧ β ∧ γ, t¯21 α ∧ β ∧ γ.
On the other hand, the dependence on t of the C∞ functions σ12(t), σ11¯(t), σ12¯(t), σ21¯(t), σ22¯(t)
can be made explicit using computations from [Ang14]. Indeed, consider the following functions of
t (cf. [Ang14, p. 76] where the notation α, β, γ was used instead of a(t), b(t), c(t) featuring below):
a(t) =
1
1− |t22|2 − t21 t¯12
, b(t) = t21 t¯11+t22 t¯21, c(t) =
1
1− |t11|2 − a(t) b(t) (t11 t¯12 + t12 t¯22)− t¯12 t¯21
,
λ1(t) = −t11 (1 + a(t) t¯12 t21 + a(t) |t22|
2), λ2(t) = a(t) (t11 t¯12 + t12 t¯22),
λ3(t) = −t12 (1 + a(t) t¯12 t21 + a(t) |t22|
2), µ0(t) = b(t) c(t), µ1(t) = λ1(t) b(t) c(t)− t21,
µ2(t) = 1 + λ2(t) b(t) c(t), µ3(t) = λ3(t) b(t) c(t)− t22.
Then, for all t in Nakamura’s class (ii), we have the explicit formulae (cf. e.g. [Ang14, p.77]):
σ12(t) = −c(t) + t21 λ¯3(t) c¯(t) + t22 a¯(t) µ¯3(t),
and
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σ11¯(t) = t21 c(t) (1 + t21 t¯12 a(t) + |t22|2 a(t)), σ12¯(t) = t22 c(t) (1 + t21 t¯12 a(t) + |t22|2 a(t)),
σ21¯(t) = −t11 c(t) (1 + t21 t¯12 a(t) + |t22|
2 a(t)), σ22¯(t) = −t12 c(t) (1 + t21 t¯12 a(t) + |t22|
2 a(t)).
This explicitly yields
σ22¯(t) = −t12
1 + t21 t¯12
1−|t22|2−t21 t¯12
+ |t22|
2
1−|t22|2−t21 t¯12
1− |t11|2 −
(t11 t¯12+t12 t¯22)(t21 t¯11+t22 t¯21)
1−|t22|2−t21 t¯12
− t12 t¯21
(89)
and analogous formulae for σ11¯(t), σ12¯(t), σ21¯(t) with a different holomorphic factor ±tiλ and a
possibly conjugated big fraction.
The conclusion is the following
Lemma 8.2. For all t in Nakamura’s class (ii) and for all i, λ, we have
∂σ11¯
∂t¯iλ
(0) =
∂σ12¯
∂t¯iλ
(0) =
∂σ21¯
∂t¯iλ
(0) =
∂σ22¯
∂t¯iλ
(0) = 0. (90)
The same conclusion holds for all t in Nakamura’s class (iii), hence in particular for all t ∈ ∆[γ],
by very similar computations.
Proof. Whenever some t¯iλ features in formula (89) for σ22¯(t) or in one of its analogues for σ11¯(t),
σ12¯(t) and σ21¯(t), it is multiplied by a factor tjµ or t¯jµ which vanishes at t = 0, while the denominators
on the r.h.s. of (89) equal 1 at t = 0. 
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